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Chapter I

Quantum decoherence for Markov
chains

I.1. Introduction

In the general framework of Quantum Mechanics, the decoherence phenomenon is related to
the interaction of a quantum system with the surrounding environment, universally accepted as
the mechanism responsible for the emergence of classicality in quantum dynamics and giving a
dynamical explanation to the collapse of the wave function caused by a measurement procedure
(for standard physical references, see for instances [83], [48] and the monograph [93]). More
recently, N. P. Landsman (p. 419-420 in [112]) asserts

Decoherence theorists have made the point that “measurement” is not only a procedure carried
out by experimental physicists in their labs, but takes place in Nature all the time without any
human intervention.

and further on

Which ideas have solved the problem of explaining the appearance of the classical world from
quantum theory? In our opinion, none have, although since the founding days of quantum
mechanics a number of new ideas have been proposed that almost certainly will play a role in
the eventual resolution, should it ever be found. These ideas surely include:

o the limit h — 0% of small Planck’s constant (coming of age with the mathematical field of
microlocal analysis);

e the limit N — +oo of a large system with N degrees of freedom (studied in a serious way
only after the emergence of C*-algebraic methods);

e decoherence and consistent histories.

Intuitively, it takes place when the reduced density matrices of the system diagonalize w.r.t. a
particular vector basis, selected by the interaction. In this way, the phase relations between
super-positions of certain vectors of the Hilbert space associated to the system are destroyed,
and effects of quantum interference become essentially undetectable. In quantum optics and
quantum computation, it results desirable to minimize the impact of decoherence phenomenon,
for instance by selecting sectors (in the space of states) undergoing unitary evolution, and
thus surviving dissipative effects. This idea, amongst others, gives rise to the mathematical
axiomatization of quantum decoherence introduced by P. Blanchard and R. Olkiewicz (see
[110] and [9]): the key-point is that, when decoherence takes place, the algebra describing the
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6 CHAPTER I. QUANTUM DECOHERENCE FOR MARKOV CHAINS

system can be split into a maximal subalgebra, named decoherence-free sector, upon which
the evolution is reversible (i.e. conservative, Hamiltonian), and a complementary subspace on
which the dynamics vanishes in time. Roughly speaking, after a sufficiently long time, the
system then behaves as if it was isolated, and the maximal subalgebra turns out to be the
effective algebra of observables after decoherence. We refer to [9], [60], [61], [14] and [27] for
other considerations on the phenomenon, motivations for this mathematical approach and a
more precise description of particular cases and consequences, such as super-selection.

Now, our interest in decoherence focuses on the purely mathematical viewpoint of the setting,
precisely on the properties of decomposition into the persistent and transient parts of a dissipative
C*-dynamical system, typically representing a “small” system interacting with a huge reservoir.
Such kind of C*-dynamical systems are usually described by a strongly continuous one-parameter
semigroup. However, in order to capture most of the main properties, we can still consider
discrete dynamics generated by completely positive unital (c.p.u., for short) linear maps. In
all the forthcoming analysis, we restrict the matter to this simpler picture. Let (2, ¢) be a
C*-dynamical system consisting of a unital C*-algebra 2 on which the c.p.u. map ¢ is acting.
In this specific context, the usual definition of decoherence requires that the algebra 2 can be
split into a direct sum as 2 = My @ 2y, where

My :={z € A: ¢(z"x) = ¢(a7)p(x), d(xz”) = d(z)d(2")},

is the multiplicative domain of ¢, and
Ay := {x e: lim ||¢"z| = 0}
n—-+0o

is the ¢-transient part. One can easily see that M, is a (possibly, not ¢-stable) unital C*-
subalgebra of 20 and that ¢| M, is a “-homomorphism. Moreover, 2l is a My-bimodule (by
defining left and right M,-module actions on 2 respectively as z.y := ¢(z)y and y.x = y¢(x),
with z € My, y € A) and ¢ is a My-bimodule map (see Theorem 3.18 and the discussion below
in [96], p. 38-39). We recall that ¢ is gapped if its peripheral spectrum ope(¢) := o(¢) N'T
is topologically separated by the remainder o(¢) \ oper(¢), namely there exists r € (0,1) for
which (@) \ oper(¢) C B,(0) C By1(0), or equivalently d (oper(¢), 0(d) \ 0per(@)) > 0. This
requirement allows to perform holomorphic functional calculus to get the Riesz projection

relative to o(¢) \ oper(9):

Qy = % (2Iy — ¢)'dz € B()
v

where the contour v: Z — B;(0) is a (counterclockwise oriented, rectifiable) Jordan curve
surrounding o(¢) \ oper (@) (observe that the integral is perfectly well defined, being v(Z) C p(¢)).
It can easily be shown that

(1) Qy is idempotent (ie. Q2 = Q)
(2) once set P, := Iy — Qg4, A decomposes into a topological direct sum of the form
A= Py(A) & Qu(A)

where Py(2() is a norm-closed operator system (i.e. a *-closed subspace containing 1),
whereas ()4(2() is just a norm-closed operator space (i.e. merely a subspace) in 2

(3) [Q¢, @] = [Py, ¢] = 0, whence both P,(2) and Q4(2() are ¢-stable
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(4) {¢"Qs}nen C B(A) uniformly converges to the zero operator, and hence

Q) = {rea: tm o) =0} =2,

(see Proposition 3.1 in [34], p. 110).

In contrast to My, the peripheral space Py(2() may abruptely fail to be closed under the product
of A, so not immediately inheriting a structure of C*-subalgebra. Since P,(2) corresponds
to the persistent part of the direct sum decomposition of 2 above, it results natural to ask if
we can hope to endow P,(2() with a well defined product, making it a C*-algebra. It turns
out that all depends on the properties of P,. In general ||Qy] < Rtén[oa;;] |(Re™ Iy — &)~

where diam(c(¢) \ oper(¢)) < R < 1 and 1 < ||Py||, thus it is not even guaranteed that Py
is a contraction (this happens exactly when it is positive, i.e. when Qy(z*z) < z*z, x € ).
Nonetheless, if Py is completely positive, the operator system P,(2() inherits a structure of
C*-algebra with unit 1y, when endowed with the bilinear, associative product

royy = Pylay), x,y€ Py(A)

and the restriction of the C*-norm of 2. This construction is contained in the proof of a theorem
by Choi and Effros concerning injective operator systems (see Theorem 3.1 in [16]), and o,
is then called Chot-Effros product associated to ¢. Luckily, P, is completely positive at least
for all finite-dimensional C*-algebras, namely finite direct sums of full matrix algebras over C
(see Theorem 2.1 at p. 1467 in [54] and Proposition 5.3 at p. 119 in [34]). In such a case, all
self-maps are evidently gapped (o(¢) = o,(¢) is finite) and complete positivity is equivalent to
dimc (A)-positivity, thanks to the Choi theorem (see [15]).

At this stage, in the finite-dimensional setting, Ay = (P,(2A), 04) is a full-fledged unital C*-
algebra but it is still not clear if ¢ly, € Aut(2ly), thus providing a conservative C*-system
Ay, Z, ¢la,) where the additive group Z acts on 24 via integers powers of ¢|q,. More generally,
one might formulate the following speculation, as done in Conjecture 5.5 of [34] (p. 120):

Let ¢ be a c.p.u. self-map on a unital C*-algebra A s.t. o(¢p) C T. Then, ¢ € Aut(2l).

The essential purpose of this brief chapter is to prove the conjecture true when %A is also
abelian, thus isomorphic to C" for some n € N, when ¢ boils down to be a stochastic matriz
describing the dynamics of a (finite-dimensional) Markov chain (see [100]). In other words,
any finite-dimensional Markov chain encodes a genuine reversible dynamical system, after
separating the persistent part from the transient one, the latter vanishing in the limit taken on
the iterations of the acting stochastic matrix. In the concrete situation, up to measurement
errors, this happens after a finite number of iterations, depending on the size of the so-called
mass gap, i.e. the distance between the peripheral spectrum and the part lying inside the unit
disk." This is the content of the paper [36] by Fidaleo F. and Vincenzi E. (September 2022). A
year after the publication of our work, in September 2023 the conjecture has been proved to
be true in [8] (Theorem 3.1 at p. 201 and Remark 3.5 at p. 203) for any finite-dimensional
C*-algebra, thus feeding our suspicion of its validity in a more general setting. But this is not
the case. Thanks to the collaboration of Gliick J., we have recently been able to show that the
conjecture is no longer generally true in the oo-dimensional case, even if 2 is abelian: there
exists a (relatively easy) example of (completely) positive, unital self-map ¢: C(X) — C(X),
where X is an infinite set of points, s.t. o(¢) C T but ¢ & Aut(C(X)). After useful preliminary
facts in Section [.2, we report some well-known results about c.p.u. maps on finite-dimensional

!The term “mass gap” comes from physical motivations, being dimensionally equivalent to a mass.
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8 CHAPTER I. QUANTUM DECOHERENCE FOR MARKOV CHAINS

C*-algebras in Section [.3. We then focus on (completely) positive, unital maps on C", namely
stochastic square matrices modelling finite-dimensional Markov chains (Section [.4). Using
simple techniques from linear algebra, we show that any Markov chain encodes a conservative
C*-system on the persistent portion, corresponding to the peripheral eigenspace, the linear
subspace generated by the eigenvectors pertaining to the peripheral eigenvalues of the stochastic
matrix. In Section 1.5, we mention a result by [8] which generalizes our approach to every finite-
dimensional, unital C*-algebra and expose an illustrative counterexample in the oo-dimensional
setting. We conclude this chapter with some Physics-related considerations in Section 1.6.

1.2. Preliminaries

1.2.1 Basic notation

All involved C*-algebras 20 will have unit 1y. For the unital Banach algebra B(2l) consisting
of all bounded operators acting on the C*-algebra 2, we also put Iy := 1pg(). For involutive
algebras €;, i = 1,2, amap ¥ : €, — €, is said to be selfadjoint (or real) if V(z*) = U(x)* for
every x € €. For the C*-algebra 2, the map ¢ : > — 2 is said to be completely positive if
¢ @ Ing, () =t On 2 My () — M, (2A) is positive for each n > 1. In particular, it is positive if ¢;
is. It is wnital if ¢(1y) = Lg. If A is abelian, then complete positivity coincides with positivity
(see Theorems 1.2.4 and 1.2.5 in [102], p. 3-4). For a self-map T" € B(X) on a Banach space
X, the peripheral spectrum is defined as ope(T) := {X € o(T): |A| = r(T)}, r(T) := sup ||
o(T)

being the spectral radius of T'. Such a map T is said to be gapped if it presents the so-called
mass-gap, that is d (oper(T), 0(T) \ 0per(T)) > 0. In the case of a positive unital map ¢ on a
unital C*-algebra 2, 1 < r(¢) < ||¢|| = [|¢(1a)| = 1, whence r(¢) = ||¢|| = 1 and ope(T) is
contained in the unit circle T := {\ € C | |A\| = 1}. Moreover, if the c.p.u. map ¢ is gapped,
then A = Py(A) & Qu(2A). Here,

1
Q¢ = 2_7'['2 %(2[91 — gb)*ldz S B(Ql)
Y

where the contour v: Z — B;(0) is a counterclockwise oriented, rectifiable Jordan curve
surrounding o(¢) \ oper(¢), whereas P, := I — @Q,. By Proposition 3.1 in [34] (p. 110),

Tim[|6"(2)]| = 0, 2 € Qu(2).

I.2.2 Order isomorphisms

Any (complex, associative) algebra A has a Jordan algebra structure as well, if endowed with
the Jordan product

1

§(ab +ba) € A

which coincides with the original product of A if and only if A is abelian. If A = 2 is a
C*-algebra, then the selfadjoint part s, := {a € A: a = a*} is a JC-algebra, i.e. a real
norm-closed subspace which is closed under the Jordan product e. If A, := {a*a: a € A} is
the positive cone of 2, then 2, = {a*: a € A, }. We have the following straightforward result.

A3 a,br—aeb:=

Lemma 1.2.1
Let 2, B be two C*-algebras and ¢: A — B a selfadjoint map. The following are equivalent:

(a) ¢ is a Jordan homomorphism
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(b) o, : Usa — B, is a Jordan homomorphism
(c) ¢(a*) = ¢(a)? for every a € s,
If one of the previous properties is satisfied, ¢ is a positive map.

Proof.

a)<(b): the right implication is trivial. For the left one, let a,a’ € 2. By decomposing them
g y g

in their respective real and imaginary parts as usual, we get

¢(aea’) = ¢(Re(a) @ Re(a’) — Im(a) @ Im(a’) + i(Re(a) o Im(a’) 4 Im(a) ® Re(a')))

o(a) e gp(a) = ng(Re(a) +ilm(a)) ® p(Re(a’) + Z'Im(a'))
Since Re(a),Re(a’),Im(a),Im(a’) € As, and |y, is a JC algebra homomorphism, ¢(a e a’) =
¢(a) o §(a’).

(b)<(c): the right implication is trivial. For the left one, just notice that for a,a’ € g,

2 2

20ea = (a+d)? —a®—a”.
For the last statement, recall that %, = {a*: a € s}, B, = {V*: a € B}, then by (c)

p(Ay) €B,. O

Definition 1.2.2
An invertible selfadjoint map ¢: 2 — B between two C*-algebras is an order isomorphism if
both ¢ and ¢! are positive.

Remark 1.2.3

If A =B = C", it is not difficult to show that ¢ € M, (C) is an order isomorphism between 2
and B if and only if ¢ is a non-negative monomial matrix, i.e. ¢ = D P for some diagonal matrix
D € M, (C) with strictly positive diagonal entries and P € &,,(C) C GL,(C) is a permutation

matrix (that is why monomial matrices are often referred to as generalized permutation matrices).

Lemma 1.2.4
Let 2,8 be two C*-algebras and ¢: 2 — B a selfadjoint map. The following are equivalent:

(a) ¢ is an order isomorphism
(b) ¢ is injective and ¢(2A;) =B,

Proof.
Clearly, (a) implies (b). Viceversa, suppose that (b) holds. In particular, ¢ is positive. Now,

let b € %B. Up to decomposing it in its real and imaginary parts, we can suppose it selfadjoint.

1b] £ b

Then, b = by —b_, with by =

a,a’ €A, s.t. b= d(a—a") € (), that is ¢ is surjective. By hypothesis, it is also injective,
hence it admits an inverse ¢ ', which satisfies ¢*(B,) = 2, i.e. is positive: ¢ is an order
isomorphism. []

€ B, Since ¢(A) = B, there exists a pair of elements

The deep connection between the two structures given to a C*-algebra by the Jordan product e
and the partial ordering < induced by the positive cone is pointed out by Theorem 2.1.3 in
[102] (p. 13-14).

Theorem 1.2.5

Let 2, B be two C*-algebras and ¢: 2 — B a selfadjoint map. If ¢ is a Jordan isomorphism,
then it is an order isomorphism. Viceversa, if 2, 8 are also unital and ¢ is a unital order
isomorphism, then it is a Jordan isomorphism.
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10 CHAPTER I. QUANTUM DECOHERENCE FOR MARKOV CHAINS

Proof.

If ¢ is a Jordan isomorphism, then by Lemma 1.2.1 both ¢ and ¢! are positive i.e. ¢ is an
order isomorphism. For the converse implication, unitality of 2L, 28, ¢ is needed to exploit the
Kadison-Schwarz inequality. Indeed, if ¢ is a unital order isomorphism, both ¢ and ¢! are
positive unital map, whence for each a € ., ¢(a)? < ¢(a?) and

a* = (671 (¢(a)* < ¢~ (6(a)*) < &7 (g(a”)) = a®.
Therefore, ¢(a*) = ¢(a)*: ¢ is a Jordan isomorphism. [J

Remark 1.2.6 ,
For instance, take A = B = C(T) and 9(f) := f(¢'5 -). Then, ¥ € Aut(C(T)) and ©¥* = I. The
I+9

is positive and invertible, with inverse ' = I — ¥ 4 9¥? which is

unital linear map ¢ :=

not contractive (i.e. positive) since || (2)|loc = |1 — e 4 ei%ﬂ| =2 > ||z]|oo. In retrospect, it
all adds up: f(2) := Re(z) € C(T)sa, but

_ Re(e'%2%) +2
p(f*) = 1
H(f)? = Re(e5 22) + 1

Hence, o(f?) > @(f)* but o(f*) # ¢(f)*.

We can give a nice characterization of unital order automorphisms (2 = B) in the abelian
case. For the following result (appeared firstly in a special case on an unpublished note by
Tonescu-Tulcea A. and C., then in a general setting, reported here, in [66]), given two C*-algebras
2, B consider the convex set

B(Ql? %)Jr,l = {¢ € B(Ql’ %) ‘ ¢(Q[+) D ¢<]19() = ]1%}'

consisting of the unital positive (briefly, p.u.) maps from 2 to 9B, with extremal points

EBA,B)11) ={0 € BRAB)1: ¢ = Ap1+(1=N)g2, ¢ € BA,B)11,A € (0,1) = ¢ = ¢1 = o}

If 2( is abelian, let Qg be its spectrum (character/maximal ideal space), a locally compact, T
space if endowed with the topology of poinwise convergence, which is compact iff 2 is unital.

Theorem 1.2.7
Let 2,8 be unital abelian C*-algebras and ¢: 2 — B a unital selfadjoint map. Then, the
following are equivalent:

(a) ¢ € E(B(A,B): 1)
(b) ¢ € Hom(2,B)
(c) ¢ = f* for some f € C(Qp, Ny, after identifying A, B with C(Qy), C(Qs), respectively.

If (c) holds, f is uniquely determined, proper and closed. If Qg is also a Stone space (i.e.
compact, Ty and totally disconnected), the above properties are also equivalent to the following:

(d) ¢ > 0 and preserves continuous indicator functions.

Proof.
See Theorem 2.1 in [66] (p. 270). O
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Remark 1.2.8

Examples of Stone spaces are (arbitrary products of) finite spaces with the discrete topology,
Cantor spaces, profinite topological groups and Stone-Cech compactifications of any discrete
space. As noticed by Phelps in [66] (p. 271), if Qg is not a Stone space, (d) never implies

(a): Qg would admit a connected component C' containing at least two points x,y, and
b = evy + evy c

extremal in S(C(y)) = M;(Qq) (state space of C(£2y), or equivalently, probability measure
space on {y).

S(C(Qy)) would preserve indicator functions though clearly not being

Recalling once more that in the abelian case the Jordan and the usual products coincide, we
can infer the following corollary, by putting together Theorem 1.2.5 and Theorem 1.2.7.

Corollary 1.2.9
Let 2 be a unital abelian C*-algebras and ¢ € B(2(); ; an invertible p.u. map. The following
are equivalent:

(a) ¢ € Aut(A)
(b) ¢ is an order automorphism
)

(c) ¢ € E(BRA)+1)
(d) there exists f € Homeo(Qy) s.t. ¢ = f°

If (d) holds, f is uniquely determined. If Qg is totally disconnected, the next assertion is also
equivalent to the above:

(e) ¢ permutes the continuous indicator functions on gy

I1.2.3 (C*-dynamical systems

In the whole chapter, for (discrete) C*-dynamical system (or simply C*-system), we shall mean
a triple (A, ¢, M), where 2 is a C*-algebra, ¢ is a c¢.p.u. map acting on 2 via its powers, and
M is the monoid N or Z. By definition, the case relative to the group Z corresponds to ¢ being
a *-automorphism. In this context, we talk about (microscopically) reversible C*-systems.”
Alternative terms are “conservative”, “Hamiltonian” and “unitary” systems. We will treat
instead the dissipative cases, when M = N and & is in general not invertible. The simplified
notation (2, ¢) will stand for the triple (A, ¢, N).

Given a Banach space X, let T' € B(X) such that r(7') = 1. It is customary to set the space of
the almost periodic elements of T as

AP(T) :=spanc{z € X: Tx = Az for some A € 0p,e(T)}

(See e.g. [32] for a standard situation.)
We point out the following

Remark 1.2.10
Let ¢ : A — 2 be an irreducible c.p.u. map. By Proposition 3.2 in [42], AP(¢) C P,() is a
C*-subalgebra of 2, and the restriction ¢|ap) of ¢ to AP(2) is automatically a *-automorphism.

2Physical systems that are macroscopically irreversible, but microscopically reversible, typically describe
temperature states (or, equivalently, states satisfying the Kubo-Martin-Schwinger boundary condition) since
their dynamics is generated by unitary operators (see e.g. [87]).
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12 CHAPTER I. QUANTUM DECOHERENCE FOR MARKOV CHAINS

Here, we are using the notion of irreducibility in [42] (Definition 2.2, p. 312): a positive operator
¢: A — A is irreducible if A does not admit any non-trivial ¢-invariant C*-subalgebras A s.t.
ANA, is a face of A (equivalently, there in no non-trivial closed ¢-invariant face of 21, ).” In
the upcoming subsection, we shall see that this definition of irreducibility is equivalent to the
one normally used for positive matrices.

1.2.4 Stochastic matrices

When 2 = C", the u.(c.)p. self-maps are exactly the stochastic n x n matrices, i.e. the
non-negative square matrices of order n with row sums 1. In formula,

B(QL)+,1 = {M S Mn((C) mg; > O,Zmzk = 1(2,] = 1,,’)7,)} .

k=1

Given a stochastic matrix S, the C*-system (C",S) models the dynamics of a Markov chain (for
a reference, see e.g. [100]). The structure of stochastic matrices is briefly outlined in Section I.4.
Here, we recall their basic properties. Unitality of S tells us that 1 := 1¢n = [1 e 1}t is a
right eigenvector of S pertaining to the eigenvalue 1 € o,,.(S5). Roughly speaking, it means
that at each step of the transition in the Markov chain (i.e. after the repeated application
of S on vectors of C") probability must be conserved. On the other hand, any non-negative

row-vector [7r1 Ty = - - Wn} with Zm = 1, which is also a left eigenvector corresponding
i=1

to the eigenvalue 1, is a stationary distribution for the Markov chain. Algebraic and geometric
multiplicities of the left and right eigenvalue 1 always coincide.

A square non-negative matrix A of order n is said to be irreducible if there exists no P € S,,(C)

A

such that adp(A) = PAP™! = [Ol A,
e.g. [71], [100]). For the convenience of the reader, we show that the definition of irreducibility
provided in Definition 2.2 of [42] and reported in the previous subsection coincides with the one
given here for non-negative matrices.

}, where A; is a square matrix of order 1 < n; < n (see

Proposition 1.2.11
Let A € M,,(C) be non-negative. Then, it is irreducible if and only if the only A-invariant faces

of the positive cone C} = @ R*e; are {0} and the whole C’;.

i=1

Proof.
Suppose A irreducible, i.e. there exists a face F := @RJrej for some set J # @, {1,...,n}
jeJ

which ios invariant under A, that is A(F) C F. Let 0 € &,, be any permutation of {1,...,n}

st. o(J) = {1,...,|J|}. By setting P,(ex) := e, for k = 1,...,n, P, € 5,(C) is s.t.
Ay B

-1 _ |4
P,AP = {O A,
matrix of size 1 < ny < n — 1: a contradiction. Viceversa, suppose that there exists a

permutation matrix P € S,(C) such that PAP™! = {‘él A
2

L -1 ni + . .. . . n . . .
{ej}jes ={P "ei}}2,. Then, @R e; is a non-trivial A-invariant face of C7}, which is again a
jeJ

] with A; a square matrix of size 1 < n; = |J| < n —1 and A a square

} as above. Consider the set

contradiction. [J

SRecall that a face F of 2, is a subcone of 2, such that if a € 2, b € F satisfy a < b, then a € F.
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I[.3. C.p.u. maps on finite-dimensional C*-algebras

The present section is devoted to basic results on which is based the forthcoming analysis for
stochastic matrices. We report those for the convenience of the reader.

Proposition 1.3.1
Let 2 be a finite-dimensional, unital C*-algebra and ¢ a c.p.u. self-map on 2. Then, there

exists a subsequence {n;};en C N s.t. jl‘}inoo ¢" = P, in norm. In particular, P, is a c.p.u.

projection and the injective operator system P,(2) is a (unital, finite-dimensional) C*-algebra
when endowed with the Choi-Effros product

aob:= Py(ab), a,be Py(A). (L.1)
Proof.
The Jordan-Chevalley decomposition of ¢ gives ¢ = Z AEy + Qo0, with E\E,, = 0y, E),
A€oper(9)

Z E\ = P,. Since 0pe:(¢) is a finite subset (not necessarily a subgroup) of T, there must

AEUpcr(‘:b)
exist a subsequence {n;},ey of natural numbers such that lim A" =1 for every A € ope(9).

Jj—+oo
Then, by Proposition 3.1 in [34] (p. 110),

lim ¢™ = lim < Z )\EA+Q¢¢>nj— lim < Z )\E/\>nj+hjm (be(?nj) =

T 70N reopa@) 70N reopal®)
= i iEy = i " By = FE,=P,.
J'—gnoo Z A A Z (j—gnoo)\ ) A Z A ¢
AEaper(¢) AEoper(d) AEaper(¢)

In particular, P, is a c.p.u. projection. Thanks to Theorem 3.1 in [16], Equation I.1 defines a
C™-product on P,(2A). O

Remark 1.3.2
Under the assumptions of Proposition [.3.1, evidently

P,(A) = spanc{a € A: ¢(a) = A(a) for some X € gper ()}
In the hypothesis of the previous proposition, we set 4 := (P,(2), Ly, *, 0, ||-||o) the C*-algebra
induced by the c.p.u. self-map ¢ using the Choi-Effros construction.

For completeness, we conclude this section with a well-known fact: the mean ergodicity of c.p.u.
maps on a finite-dimensional C*-algebra.

Proposition 1.3.3
Let ¢ : 2l — 2A be a c.p.u. map on the finite-dimensional C*-algebra 2(. Then,

n—1
R
HEMZM“? =B

the projection onto the fixed point subspace A?. Moreover, F; is a c.p.u. map.

Proof.
By performing the same calculations in the above proof, we get
n—1
1 K 1 . 1=\
LN D D D e WL St
k=0 A€oper()\{1}

since |1 — \"| < 2. For the proof of the second part of the statement see [33], Theorem 2.1 (p.
182). O
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14 CHAPTER I. QUANTUM DECOHERENCE FOR MARKOV CHAINS

I.4. Stochastic matrices and persistent C*-systems

Let S be a stochastic matrix as defined in Subsection [.2.4. Up to row-column permutations,
any stochastic matrix S € M,,(C) has the following canonical form

_BOO BOl . T BOt_
0O Bhp 0 - - 0
so| o0 pe 2
| 0 : . - - By

(See [100], Proposition 8.8 and the discussion after Proposition 9.2).

Here, By is a square strictly sub-stochastic matrix associated to the transient indices (which
is the empty matrix if and only if the subset of such transient indices is empty*), while the
square-block matrices By, k = 1,...,t are irreducible. Each of them is the transition matrix of
an ergodic component of the Markov chain generated by S. (I1.2) is said to be the reduced form
of S and, if there is no transient indices, S is said to be completely reducible. The following
theorem collects some crucial properties of (I.2).

Theorem 1.4.1
Referring to the canonical form (I.2) of a stochastic matrix S € M,,(C),

(i) for each k = 1,...,t, Oper(Bir) = {w € C: w™ = 1} = Z,; < T with dj index of
imprimitivity of By, and the multiplicity of all peripheral eigenvalues is always 1;

t

(ii) o(S) = | o(Bu);

k=0

(1i1) oper(S) = | oper(Bir)-

Proof.

(i) follows by Theorem 1.6.5 in [100], where e (Bgi) coincides with the dj-th roots of the unity,
d; being the index of imprimitivity of By, see [100], Section 1.9.”

(ii) is well known, see e.g. [107], Section 2.3.°

(i) follows from (ii) because oper(Boo) = @. Indeed, if By had an eigenvalue A with |A\| =1,
Proposition 1.9.3 in [100] would not hold. [J

Given a stochastic matrix S € M, (R), the associated Markov chain is nothing else than a
(commutative, finite-dimensional) C*-system (C", S), where the matrix S generates, via its non-
negative powers, the action of the monoid N. On the other hand, by appling Proposition [.3.1
to A := C" and ¢ := S, the linear space g := Ps(C") is in fact a (unital, abelian) C*-algebra
with the new Choi-Effros product o. We are thus ready to show our main result: (g, S|ay)
provides a genuine conservative C*-system, and thus the action of S|y, can now be extended to
negative powers.

“In the language of Markov chains, the transient indices are associated to the so-called transient (or inessential)
“states”.
51f the index of imprimitivity dj, of a block By in the reduced form (I.2) is 1, then Byy, is said to be primitive.

1/2 1/4 1/4 00 01
6As witnessed by the matrix | 0 2/3 1/3|, Boo = {1/2 1/4} = {BDO B%} can be further reduced.
o o 0 2/3 0 Bl

Yet, o(Boo) = {1/3,2/3} = o(Bg) U o(Bgy)-
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Theorem 1.4.2
With the above notation, S|y, is an order automorphism, and hence (g, S|ay, Z) is a conserva-
tive C*-system.

Proof.
By Jordan-Chevalley decomposition, S|y, = Z AE). Since by Theorem [.4.1,
A€oper(S)
t t .
0per(S) = | oper(Bi) = | <e%>
k=1 k=1

(S]ms)lcm(dl’”"dt) = idy,. Therefore, (S\ms)_l = (S|Q[S)lcm(d1 """ =1 Which is manifestly positive.”

By Corollary 1.2.9, S|a, € Aut(2ls) and hence (g, S|ag, Z) is a conservative C*-system. [J

We end the section with some considerations. By taking into account Proposition [.2.11, point
2 in Proposition 3.2 of [42], and lastly (iii) in Theorem [.4.1, we conclude that in the irreducible
cases, hence in all completely reducible ones, the Choi-Effros product Equation 1.1 coincides with
the original one. On the other hand, we know that there are examples, necessarily admitting
transient indices, for which the original product must be changed, see e.g. [34], Section 6.
Therefore, one might conclude that the cases for which the original product should be changed
is connected with the presence of transient indices. Unfortunately, also this conjecture does
not hold in general. For instance, when all the imprimitivity indices d;, j = 1,2,...,n, of the
square-block matrices in (1.2) are 1, ope,(S) = {1} with multiplicity n and the original product
need not to be changed. All things considered, the cases for which the original product might
be replaced with the Choi-Effros one have to be found among those with a non-empty set of
transient indices and at least one ergodic imprimitive component B;

0Jo*

1.5. Generalizations of the main result

A year after the publication of our work, in September 2023 Bhat, Kar and Talwar prove the
following result.

Theorem 1.5.1 (Bhat, Kar, Talwar)
Let 2 be a finite-dimensional, unital C*-algebra. If ¢: A — 2 is a c.p.u. self-map such that
o(¢) C T, then ¢ € Aut(A).

Proof.
N

Without loss of generality, we can take 2 = EB M, (C) for some dy,...,dy, N > 1. Let H :=
n=1

N
@ C%* and (P,: H — C%)Y_| the corresponding family of pairwise orthogonal projections.

n=1
n=1

N
Then, B(H) = M4(C) where d := Z d,. Let

n=1

¢: B(H) — B(H)

N
X > ¢(PXP,)
n=1
"If all blocks Bj;, j =1,...,n, are primitive, that is d; = 1, then on one hand S|gg = Iag, while on the

other hand lLe.m.(dy,. .., d,) — 1 =0 which means (S|g ;)" = Ins = (S|le)l'c'm'(d1 """ )=t
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16 CHAPTER I. QUANTUM DECOHERENCE FOR MARKOV CHAINS

Then, ¢ is a c.p.u. self-map on B(H) s.t. P5(B(H)) = Py(A) = 2A (this last equality is due to
o(¢) C T whence 0(¢) = oper(¢)). By Theorem 2.10 in [8] (p. 199), 5\%(5(%)) € Aut(P3(B(H))),
and hence ¢ € Aut(). O

Corollary 1.5.2
Let 2 be a finite-dimensional, unital C*-algebra. If ¢: 2 — 2 is a c.p.u. self-map, then
Pla, € Aut(Ry) and hence (g, dla,, Z) is a conservative C*-system.

Proof.
Since o(¢la,) = oper(¢) C T, the assertion follows from Theorem 1.5.1. [

Remark 1.5.3

The hypothesis of complete positivity in Theorem [.5.1 cannot be weakened to mere positivity.
The transpose map 1': M,,(C) — M, (C) (n > 2) is an involutive, unital, positive map which
is not 2-positive (on the contrary, it is 2-copositive). Its spectrum is o(7T) = {+1} C T,
with spectral subspaces M,(C); = {A € M,(C): A symmetric} of dimension g(n + 1) and

M,(C)_; = {A € M,(C): A anti-symmetric} of dimension g(n — 1). However, it is merely

a *-anti-automorphism of M, (C) (i.e. a *-isomorphism from M,(C) to its opposite algebra
My (C)P).

One might raise the question whether Theorem [.5.1 is just a special case of a more general
fact, firstly conjectured in [34] (Conjecture 5.5, p. 120):

Let ¢ be a c.p.u. self-map on a unital C*-algebra A s.t. o(¢p) C T. Then, ¢ € Aut().

With the enlightening suggestions of Gliick J. (at the end of January 2024), we have been
able to produce an oco-dimensional example for which Theorem 1.5.1 abruptely fails to hold.
Consider the non-separable, abelian W*-algebra (*°(Z) = C,(Z) = M (Cy(Z)) = C(SZ), where
BZ is the Stone-Cech compactification of Z (an example of Stone space, indeed hyperstonean,
see Remark 1.2.8). Notice that the well-known bilateral shift, defined as (Sx), := z,—1 (n € Z,
x € (°(Z)) is a "-automorphism of ¢*°(Z) and o(S) = 0,(S) = T, with spectral subspaces of
the form ¢*°(Z), = spanc{n — z "} for every z € T (0,(5) denotes the point spectrum of S,
namely the set of its eigenvalues). A modified version of S does the job we want: we will see
that it does not belong to Aut(¢*°(Z)), though having exactly the same spectrum as S. Let

¢ U (L) — >°(2)
1 To+ Tr_q

x> ¢(x): 2
ne—x, 1 (n#1)

with k™-power (k > 1)

OF: 1°°(Z) — ((Z)
Tk + Tn_k-1
1<n<k
x> ¢F(2): ne 2 (I<n<k)
n+— T,_r otherwise

Then, ¢ is an invertible, normal (i.e. ultraweakly continuous) c.p.u. self-map of ¢>°(Z) (¢ is
an example of Markov operator on C(SZ), as defined and thoroughly examined in [40]). Its
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pre-adjoint is
b, 1NZ) — 11(7Z)
-1 zo+ %
T ¢u(T): 40— %
nw— x,1 (n#-1,0)

and the k™ power of its inverse (k > 1) is

¢ (L) — (°(Z)
n+k

nes (<1 <y0 - 22(—1)]‘,%-) (1-k<n<0)

n+— Yper Otherwise

ES

y = o (y):

By Gel’fand-Beurling spectral radius formula,

1<r(¢™Y) = lim ||¢—k:||1/k < kl_%rfoo(% i 1)1/k _1 6

k—-+oco

whence o(¢) C T. Even more, 0(¢) = 0,(¢) = T. Indeed, for every z € T, *°(Z), = spanc{x,}
where ’

n—z" (n<0)
2 1
g nr—>< —gz)z_” n>1).

However, clearly ¢ & Aut(¢>(Z)): ¢(55) = ¢(dy) = % + % = ¢(8)?. By Corollary 1.2.9, this 1o

is due to the fact that although ¢ is positive, ¢~ is not: ¢~ '(6;) = 28 whence [|¢~*| > 2.
Nonetheless, we notice that by Theorem 2.12 in [109], we have at least ¢ € Aut(AP(¢),oap)
where

N

AP(¢) = spanc{x € (*(Z): ¢(x) = Az for some X € T} = spans{¢*(Z),: z € T} C {>(Z) 14

(cf. Subsection 1.2.3) is a C*-algebra if endowed with the product

" (@, 20)
e A T e (zw)k

zywe T 16
and the C*-norm and involution inherited from ¢*°(Z). Observe that z, oxp =, = ., for every
z,w € T. Indeed, the strong operator convergence on £°°(Z) is merely the pointwise one and s
for each £k > 1

(@, 2)

()t 7 — C

14 zw _ 20
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18 CHAPTER I. QUANTUM DECOHERENCE FOR MARKOV CHAINS

I.6. Physical remarks

In Classical Physics, time evolution is described by a suitable differential equation, and studying
the possible superposition of a persistent and a transient part turns out to be very natural.
In all these systems, such an analysis simply describes a partition of relevant physical quantities
into the part which is vanishing (transient part) and the one surviving (persistent part)
when ¢ — 400, provided such a splitting can be performed.® This means that, for the
investigation of a long-time behaviour, only the persistent part is substantial and, clearly,
only the properties of the surviving portion of the original dynamical system are encoded by
the (surviving, i.e. restricted) time evolution. As a useful example when building electrical
measurement tools, we mention the forced RLC circuit.”

To summarize, in the classical situation, such a simplified notion of decoherence consisting
in the splitting into a transient and a persistent part is well understood. With the arrival
of Quantum Mechanics, the precise axiomatization of the measurement procedure assumed
a fundamental role, thus making things appear much more complicated. One of the axioms
contemplates that the set of observable quantities is modelled by some suitable Jordan algebra.
Since the structure of a Jordan algebra is far from being completely understood, to provide
significant models and avoid many technical troubles, it is usually assumed that such a Jordan
algebra is the selfadjoint part of a C*-algebra, see e.g. [90], Section 2.

By coming back to the universally accepted (quantum) decoherence, on one hand it takes place
when the whole system can be described by the superposition of the multiplicative domain,
automatically a C*-algebra under its own multiplicative operation, and the remaining part
disappearing in time. On the other hand, as it happens for gapped c.p.u. maps, there are very
simple examples which do not satisfy this standard definition of decoherence. However, the
part pertaining to the peripheral spectrum can still be separated by the remainder: the former
provides a dynamical (not necessarily C*) system which survives, the latter is inessential in the
long-time behaviour.

The aim of [36] was to show that Markov chains, a relevant class of commutative examples,
encode a conservative C*-dynamical system after isolating the persistent part from the transient
one, and equipping the former with a new product. Such a conservative dynamical system is in
general larger than that consisting merely by the multiplicative domain. This result appears as
a relevant step to provide a partial answer to the general, and currently unsolved, decoherence
problem.

8Here, the parameter ¢ describes the time evolution.

7 113

9Here, R, L and C stand for “resistance”, “inductance” and “capacitance”, respectively.



Chapter 11

Graded C*-algebras and twisted tensor
products: a state space approach

I1I.1. Introduction

The tensor product X ®Y of two (possibly, topological) linear spaces X and Y is one of the
most recurring constructions in linear algebra and functional analysis. It shows really interesting
features, as well as many technical problems often difficult to deal with. If X and Y have
some additional structure, new properties can naturally be investigated. For instance, if the
involved spaces are Hilbert ones, say H and /C, the Hilbert tensor product, usually denoted by
H ® K, has countless applications in Fourier analysis, ergodic theories and quantum statistical
mechanics. When X =20 and Y = B are C*-algebras, A ® B is naturally endowed with an
algebraic structure making it an involutive algebra, denoted also by 21 ® B. Since 2 and B now
have a norm topology, it is natural to study the possible C*-norms which can defined on 2 ® B,
thus exhibiting its C*-completions. Among such norms, the minimal and the maximal ones are,
respectively, the smallest and the greatest in the family of all C*-norms on A ® 98. Plus, the
von Neumann tensor product between two W*-algebras 91 and I is easily built from faithful
representations 7™ and 7™ as MRN = (7™ (M) @ 7™ (‘ﬁ))”, and it is seen that such a
construction does not depend on the chosen pair 7™, 7. The investigation of the possible
uniqueness of the C*-norm on tensor products provides a possible definition of nuclearity, which
is also connected to injectivity, both very important notions naturally arising in the theory of
operator algebras. We mention the nice paper [10] devoted to the systematic study of possible
C*-norms on a tensor product.

Tensor products are also deeply connected to the notion of independence in Quantum Probability
and Quantum Field Theory. Even in Classical Probability, the usual notion of independence is
indeed that of tensor independence. In the quantum framework, various notions of independence

are analysed in [38] under some natural conditions: freeness, (anti-)monotonicity and booleanness.

By relaxing the conditions in [38], much more natural notions of independence (such as the
Z,-graded independence) are given in [41], where n = 1 collapses to the tensor one. In Quantum
Field Theory, independence is connected to Einstein’s causality. Einstein’s causality simply
asserts that it is possible to exchange signals only between points connected by a time-like
worldline. Such a fundamental principle is encoded in a set of reasonable axioms to describe
the majority of models as exposed in the seminal paper [44]. As a consequence, algebras of
observables localized in causally separated regions are independent and partial states associated
to such regions are essentially uncoupled, see e.g. [69]. This leads to the celebrated split property
(e.g. [13]) which is asserted to be satisfied for most of relevant models. Nonetheless, it is well
known that a first classification of elementary particles is provided in terms of their spin. Such
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a classification is fundamental in quantum field theory and statistical mechanics. Particles
having half-integer spin, named fermions, obey the Fermi-Dirac statistics, whereas those with
integer spin, called bosons, obey the Bose-Einstein one. This is the fundamental spin-statistics
theorem, pervading all quantum physics. Fermi particles are satisfactorily described by Fermi
fields which enjoy the so-called Canonical Anticommutation Relations (CAR’s) when they are
causally separated, see e.g. [103], and [87] for the applications to statistical mechanics. Causally
separated algebras of such Fermi fields provide a kind of suitably “twisted” (w.r.t. to product
and involution) tensor product, directly represented on a Hilbert space. In this scheme, charged
Fermi fields localized in spatially separated regions anticommute with each other.

As for the Canonical Commutation Relations (CCR’s) enjoyed by Bose fields, abstractly
represented by the usual C*-tensor product, one could search for the systematic construction of
a general C*-model for CAR’s, which might be called Fermi C*-tensor product. Quite evidently,
such a twisted construction implies many more complications, even at a purely algebraic level,
compared to the usual one. Notice that the interest in Fermi models is increasing also due
to their applications in statistical mechanics and, consequently, in quantum probability. The
literature is quite vast and the reader is referred to the sample of papers [3], [6], [18], [29], [31],
[56], [58] and the references cited therein. The construction of such models involve the (unique)
non-trivial bicharacter of Zs, which determines the Fermi commutation rules between even and
odd elements. A first approach was shortly presented in [49], in which also the completion w.r.t.
the spatial C*-norm is considered. The maximal C*-norm is briefly treated in [84]. To the
knowledge of the authors, a systematic investigation of (abstract) Fermi C*-systems started in
[17], and continued in [31], where several aspects of the structure of symmetric states on the
infinite chain of Fermi C*-tensor products of a single algebra (including a quantum version of the
celebrated De Finetti theorem) are thoroughly analysed following the lines of the seminal paper
[76] (which deals with the infinite minimal C”*-tensor product) and of [18] (which addresses the
CAR algebra on the chain N).

In light of the previous considerations, a constructive approach to group-twisted tensor products,
firstly from a purely algebraic point of view and secondly at a topological level, appears
logical to face. Very recently, this investigation was carried out in [57], [70] by using the
general structure of locally compact quantum groups and bicharacters on them. In the first
one, a spatial construction is directly given by exploiting representations of the marginal
algebras, without further investigating the minimality of the involved norm among all the
admissible C*-constructions. In the second paper, the maximal/universal counterpart is provided.
Though rather general, these models are restricted to only two of all possible C*-completions.
Furthermore, they do not seem to lend themselves to easy and applicable computations, unless
one limits himself to the setting of (classical) abelian groups, acting on the marginal algebras
and giving rise to two C*-dynamical systems. Surprisingly, this limitation is not so strong: as
pointed out in Section 6.2 in [57] (see also our Remark 11.7.6), the involved twisting always
descends to the abelianization of a group in a canonical way. To take advantage of abstract
Fourier analysis, we will also suppose that the acting groups are compact. Compactness will
guarantee the existence of a faithful expectation onto the subalgebra of points fixed by the
action, thus translating a C*-dynamical system into a topological grading over the dual group
(see Proposition 11.4.3).

To summarize, the state of the art of the purely mathematical aspects of twisted C*-tensor
products is the following. The simplest one is the usual (i.e. non-twisted) tensor product where
either one of the marginal actions or the bicharacter is trivial. Even in this apparently simple
model, there are technical difficulties about C*-completions, see e.g. [104]. The next step is
turning to the simplest non-trivial examples: Fermi systems. In this situation, the involved
groups establishing the grading on the marginal algebras are both Z,, and the bicharacter is
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the one establishing the CAR’s between odd and even elements. Even in this case, there are
just partial results about the topological aspects, essentially contained in [84], [17], [31], [49].
Another widely investigated model, which falls into the class of twisted C*-tensor product, is
the so-called noncommutative 2-torus, or rotation C*-algebra. Here, the marginal C*-algebras
both coincide with the continuous functions on the torus T, on which T itself acts transitively by
rotations, and the bicharacter is u(m,n) = e2mmn with m,n € T=Z and 9 € (0,1). The case
of irrational ¥ is of particular interest, even though also the rational case has many interesting
features. The reader is referred to [85] and the references cited therein for further details. In
view of various potential physical applications, we also mention [35] for a recent construction of
type III representations, where Tomita modular data play a crucial role. Since the action of T
on C(T) by rotations is ergodic, the C*-rotation algebra has always a faithful state for each
angle ¥ € (0,1), indeed a trace (e.g. Proposition I1.11.6), and thus the min and max-norm
must coincide. This means that, apart from the (possible, but not yet clarified) existence of
non-compatible norms, there are no problems on C*-completions of the rotation algebra.

Our approach will be entirely constructive, hence more suited to applications. After some
basic notation fixed in Section I1.2, Section 1.3 illustrates preliminary, well-established facts on
involutive algebras, with a particular focus on algebraically bounded algebras, the ones whose
convex cone generated by elements of the form a*a forces all the algebra representations on some

inner product space to act via bounded operators (hence, extendable to the Hilbert completion).

This notion will be of use in the sequel, since both the algebraic layer of a graded C*-algebra
and the algebraic twisted tensor product are instances of bounded *-algebras (Proposition I1.5.2,
Proposition 11.10.1). In Section I1.4, we briefly mention the theoretical substrate of Fourier
analysis necessary in the following, gradually narrowing the discussion to C*-systems (2, G, «)

based on a unital C*-algebra 2 and a pointwise norm-continuous action G A 2 of a compact

group G on 2, yielding a faithful expectation Eq: 2 — A% onto the fixed point subalgebra 2.

This framework admits three pre-Hilbert module interpretations and, given any state ¢ € S(21),
it allows to explicitly write the GNS triplets of the restriction |y A% and the Eg-pullback
¢ o Eg, by exploiting the Stinespring dilation of completely positive maps. The description is
even clearer when G is abelian, hence admitting a dual group G (necessarily, discrete) coacting

in a C*-algebraic sense on 2 and grading it as an inner direct sum of spectral subspaces 2, .

The algebraic layer 2, := + ,, consisting of the grading homogeneous elements, is dense
ceG
in 2 and its fundamental properties, especially concerning its representations and states, are

discussed in Section I1.5. To achieve the construction of twisted tensor products an ingredient is
left: group bicharacters. They are treated in Section I1.6, which also contains a table of all the
possible bicharacters on notable discrete abelian groups. After this preparation, in Section I1.7
we construct the algebraic twisted tensor product of two C*-algebras 2 and B (the former
graded by é, the latter by o ) from a fixed bicharacter u : G x H — T which determines the
commutation rules between homogeneous elements of 2, and 8,. By such a commutation
rule, it is also possible to deduce a *-operation which is compatible with the product, making
A, © B, a full-fledged involutive algebra denoted by 2, @ B,. To be more specific, for the
product and the adjoint operation, we set

(a®b)(A® B) :=u(0A,00)aA©bB (a®b)" :=u(da,db)a™ ® b*

where Oa is the degree of a € ,, and similarly for A € ,,b, B € %B,. We also mod out the
“inessential” parts of both the grading and the twisting, thus producing a sort of non-degenerate
twisted product. The section ends with an analysis of the factoring-out mappings (see (11.1))
in this new setting. The three next sections, Section 1.8, Section 1.9 and Section I1.10 deals
with representations of A, @ B, firstly establishing products of marginal representations, then
discussing the Gel’fand-Neumark-Segal (GNS) representation induced by product states (where
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at least one of the marginal state must be invariant under the action of the corresponding
group), and lastly proving that every representation of 2, @ B, must consist of bounded
operators, thus permitting a logical investigation of C*-completions. In Section I1.9, we also
point out a mistake in an equality in the proof of Proposition 7.1 in [17] which is circumvented
by a our (hopefully, better) proof. In this occasion, the notion of compatibility and (sub)-cross
properties of a C*-norm on 2, @ B, are introduced. Precisely, a C*-norm -y is compatible if the
product action of G x H consists of y-isometric automorphisms of 2, @ B,, hence extending to
a well-defined action on the y-completion. Our definition differs from the one given in [19] and
seems more correct, even if more restrictive: on the one hand, there exist norms which fits the
definition in [19] but not ours (see Section I11.13); on the other hand, our definition allows to
correct the proof in [19] of the minimality of the spatial C*-norm among all the compatible ones
(see Section I1.12). The cross property is defined in a stricter way than the one given in [19],
as well (all the proofs in there still perfectly work with our definition). Our choice, this time,
is not aimed to correct a mistake, but to guarantee the isometric embedding of the marginal
algebras into the completion (see Proposition I1.11.5). Maximal and minimal C*-norms are
described in Section II.11 from the class of all representation of A, @ B, and the ones induced
by products of invariant states, respectively. After showing that the min-norm is the smallest
among all the compatible C*-norms in Section I1.12, we devote Section I1.13 to the construction
of a non-compatible norm, taking advantage of a pedagogical example due to S. Wassermann
([79]) in 1975. Another more recent example, due to Accardi, Fidaleo and Mukhamedov ([1]),
is illustrated to show a crucial mistake in [19], responsible for leading to a wrong proof of
the minimality of the min-norm. Section I1.14 contains some useful characterizations of the
max-norm in parallel to Section I1.15 in which there are relevant characterizations of the
min-norm, including its spatiality (Proposition 11.15.1 and Remark I1.15.2). We also provide
the topological aspects of the factoring-out maps in relation to the max and min-norms, as well
as of the “non-degeneracy” of a twisted product in Section I1.16. When one of the fixed point
subalgebras, A“ and B¢, is nuclear, there exists a unique compatible C*-norm on 2, @ B,:
this is the object of Section I1.17. Lastly, Section I1.18 is devoted to a generalization of the
Klein-Jordan-Wigner transformation, initially aimed to realize a *-isomorphism between the
Fermi (i.e. Zgo-twisted) C*-tensor product A i, B and the usual non-twisted one A @i B,
provided that at least one of the parity automorphisms on the involved C*-algebras is inner. It
was designed for applications to quantum field theory to pass from operators enjoying CAR’s to
ones enjoying CCR’s. It was outlined in [49] and reconsidered in [31] in a purely C*-algebraic
setting. Here (Theorem I1.18.1), we are able to extend this result to general twisted products.
Namely, for C*-systems (2, G, «) and (B, H, ) such that either a or /3 is inner, there is a
*-isomorphism between 2 @,,;, B and A @i, B preserving the invariant product states and
intertwining the corresponding actions of G x H. It should be specified that a kind of Klein
transformation is actually outlined (even if not named) in [57] in their spatial description of the
twisted tensor product, though without showing the last two properties just mentioned.

We end the present introduction with some potential applications. A relevant case of interest
in quantum physics involves anyons. Anyons are quasi-particles living in low-dimentional
space-time manifolds, and obeying to the braid statistics. Fractional anyons (detected by two
experiments in 2020) were first theorised by F. Wilczek (cf. [80]). It is argued that they play
a role in the fractional quantum Hall effect. It is also conjectured that they can have a role
in quantum computing. The reader is referred to the review-paper [75], and [41] for a purely
algebraic analysis finalized to applications in quantum probability. Concerning the appearance
of anyons in algebraic quantum field theory, the reader is also referred to [37]. The particular
statistics of these quasi-particles implies the any-commutation relation in the sense that, if
one exchanges (i.e. commutes) operators with prefixed anyonic degree, any phase-factor might
appear. From that, the statistics of such quasi-particles is named anyonic statistics. If, on
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the one hand, there are hundreds of papers studying the physics of such objects, on the other
hand only few deal with the mathematical framework. By the above considerations, for the
abstract construction of anyonic systems, we could argue that the natural candidate for the
bicharacter is Uany (2, y) = e*™Y 1.y € R/7Z. Since the grade is induced by a compact group,
which in this case should be the dual of the discrete circle T, the involved C*-systems would
be of the form (2, Bohr(Z), «) where Bohr(Z) is the Bohr compactification of Z. We also
mention the so-called p-anyons for which the involved dual groups are Z,." Also non-abelian
anyons, including the so-called plektons, have been introduced and studied for potential physical
applications. In our framework, they might be achieved when the involved groups are still
compact but not abelian, and thus the dual object would be merely a sort of discrete quantum
group. In order to go beyond the model in [57] in the case of compact non-abelian groups,
(then providing a model for such non-abelian anyons) we might take advantage of the harmonic
analysis described in [23], and possibly give a more suitable definition for the commutation
relations. We hope to treat this general framework somewhere else. We end by mentioning the
adele construction of the dual of the discrete group Q of rational numbers under addition (or
also of positive rationals Q, under multiplication). The various twisted C*-tensor products
for which at least one of the involved compact groups is @ might have natural applications
in Number Theory as well. The whole chapter is the content of a paper by Fidaleo F. and
Vincenzi E., submitted to a journal and currently under review.

11.2. Preliminaries

Any topological space will be tacitly assumed to be Hausdorff. In particular, the topology of a
(locally) compact space/group is assumed to be automatically Hausdorff.
If a group G acts on a space X through maps X > z +— gx € X (see below for some standard

useful cases), the orbit of an element x is denoted by O, = G-z :={g-z: g € G} C X.

A point-space X on which a group G is acting is called a G-space, and such an action is
schematically denoted by G ~ X.

For a vector space V, if not otherwise stated, we tacitly suppose that it is built on the field
of complex numbers. Its algebraic dual, namely the linear space of all linear complex-valued
functionals defined on V, is denoted by V'. If V is a topological vector space, its topological
dual, i.e. the continuous elements in V', is denoted by V*. In this framework, if S C V,
[S] := spang S and S is total if [S] =V

On a complex pre-Hilbert space, the inner product is supposed to be linear in the 1% variable and
anti-linear in the 2"%. Let H be an, always complex, Hilbert space. With B(H), we denote the
W*-algebra of all bounded operators acting on H. The identity 13 coincides with the identity
operator I3, and is simply denoted by I when this causes no confusion. We denote by IC(#) the
norm-closed, two-sided *-ideal of all compact operators, by By (H) C K(H) the (not necessarily
norm-closed) two-sided *-ideal of all trace-class operators, and by U(H) the norm-closed group
of all unitary operators acting on H. For Hilbert spaces H and /C, their complete tensor product
is again a Hilbert space denoted by H ® K. For & € H, the corresponding vector functional on
B(H) is defined as we := (- £,£).

Let X and Y be two linear spaces. With X +Y and X ®Y we denote their (outer) direct sum and
tensor product, respectively. We also consider an arbitrary collection (X)), of linear spaces. Their

outer direct sum consists of all nets +,X, := {x = (z,),: ©, = 0 but a finite number of indices},
where the sum and product-by-scalars are component-wise defined as x +y := (z, +v,), and

'This model for p = 1,2, ..., is treated in a purely algebraic way in [41], after noticing that the 1-anyons are
exactly the bosons and the 2-anyons are the fermions, then providing the usual and the Fermi tensor product,
respectively.
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cx = (cx,), (c € C), respectively. If X, C X, then it is also possible to define the inner direct
sum +,X, C X, provided that ¢ # k = X, N X, = {0}. Suppose that Z is another linear space.
It is well known that

(Xo2)+Yo2))2(X+Y)oZ and (ZoX)+(ZoY)2Z0(X+Y),
through the (right and left) factoring-out maps R and L defined on the elementary tensors as

R:(Xo0Z)+YoZ) - (X+Y)oZ
(T© 21,y © 22) = (2,0) © 21 4+ (0,y) © 22,
L:(ZoX)+(ZoY)—=Zo(X+Y)
(2102,220Yy) = 21O (2,0) + 20 © (0,y) .

(IL.1)

If in addition, 2l and B are involutive algebras, then 2 ® 8 will denote the algebraic tensor
product 2l ® B equipped with the usual product and involution given on the simple tensors by

(a1 X bl)'(ag X bz) = a1Q2 X blbg, (al X bl)T = CLT X b; ,

for all ay,as € A, by, by € B. We are adopting the symbols “” and “” to denote the product
and the involution in 2 ® B just in order to distinguish them from the analogous operations
(denoted by the simple juxtaposition and “*”, respectively) on the twisted tensor product
A, @ B, (and its natural completions), as we shall see. Lastly, we reserve the symbol “®” for
Banach direct sums and C*-algebraic direct sum.

I1.3. Representations of involutive algebras

Since we heavily deal with involutive algebras, often without any a prior: assigned topology, we
fix some basic notation. An involutive (or *-) algebra is a complex algebra A, always unital if
not otherwise specified, equipped with an antilinear involution * such that 1% = 1,4. As usual,
Aga denotes the Jordan real algebra consisting of the selfadjoint elements in A, i.e. a € A, if
and only if a = a*. Particularly, a € A, is (algebraically) positive if a = z*z for some z € A.

Furthermore, following the notation employed in [101], we denote by Z A? the cone generated
by the positive elements of A:

» A= {szzi: z € An> 1} CA.
i=1
Evidently, Z A? is convex (or, equivalently, closed under addition), hence it induces a partial

ordering on A, as customary: for s,t € A, we write s <y tift —s € Z A% Moreover, Z A?

is a quadratic module of A, that is 14 € ZA2 and z¥sr € ZAZ for every s € ZA2 and
x € A. Without loss of generality, we will only deal with non-degenerate representations of
A acting on, not necessarily complete, complex inner product spaces (H,, (-,-)). Therefore, a
representation of the involutive algebra A is merely a *-algebra homomorphism 7 from A to
L(H,), the set of all C-linear operators acting on H,, satisfying

(m(x)§,m) = (&, m(x")n), x€A EneH,.

The representation m is non-degenerate if £ € H,, & 1L w(A)H, = & = 0. It is easy to see that
this is equivalent to ask 7 to be unital, i.e. m(14) = I3, (see [101], Lemma 4.9 (iii), p. 64).
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Again from [101], A is algebraically bounded (simply shortened as “bounded,, in the sequel) if
the quadratic module Z A% is Archimedean, i.e. for each a € A there exists a positive constant
C, > 0 (only depending on a) s.t. a*a <4 C,14. The reason of the term “bounded,, is given by
the straightforward fact that every representation = : A — L(#,) of a bounded *-algebra A
has range m(A) lying in B(H,), thus determining a representation 7: A — B(#) acting on the
completion H := H, by bounded operators, as it will be explained in the following

Lemma 11.3.1

Each representation 7w of a bounded *-algebra A on a pre-Hilbert space H, uniquely extends to
a representation acting by bounded operators on the Hilbert space completion H = H,. By
setting 7(a) := 7(a) (a € A), 7 induces a full-fledged representation 7: A — B(H).

Proof.

Let 7 be a representation of A on a pre-Hilbert space H,. Then, for each a € A, 7(a) is closable.

We now show that it is even bounded, if A is a bounded *-algebra. By hypothesis, for every
a € A there exists C, > 0 such that C, 14, —a*a € Z A% hence

0 < (7(Cala —a’a)§, ), = Calléllz, — Im(a)éllz,, &€ Ho,

an thus 7(a) is a bounded operator on H,. It follows that

& — € }:—

D (7‘(‘(&)) = {5 € H,: I(én)n C D(m(a)) s.t. {(W(a)fn)n Canchy Ho s

and therefore 7(a) € B(H,) by the Closed Graph Theorem. In particular, 7(a) is the unique

continuous extension of 7(a) to the Hilbert space H, and || (@) lgar;) = lIm(a)ls.,)- We are
left to show that the mapping 7: A — B(H), 7(a) := 7(a) defines a representation of A on
H=H,.

For each &,n € H, choose two sequences (&), (7,) C H, converging to & and 7, respectively.

For the *-operation, by joint continuity of the inner product we get

(7(@)& ) =(r(@ )6, n) = Hm{r(a’)om,m) = Hm{En, (@)

=(&,m(a)n) = (r(a) &n) = (W(a)*&,m), a€ A

As concerns the product, first notice that the sequence (7 (b)&,), C H, converges to m(b)§ =
w(b)¢ € H. Therefore,

T(a)T(0)€ =7 (a) (7 (0)€) = lim7(a) (7 (b)&,) = lim 7 (a)(m(D)En)

n n

=lim7(a)m(b)§, = limn(ab)§, = w(ab)é = 7T(ab), a,be A. O

n n

Clearly, every C*-algebra is bounded. If A is a bounded *-algebra, let Rep(A) be the family of
(unitary equivalence classes of ) non-degenerate representations of A on some Hilbert space. We
shall show soon (cf. Proposition 11.10.1) that all the involutive algebras arising from twisted
tensor products are bounded. We recall that an algebra-norm || || on A is always supposed to
satisfy ||a|| = ||a*|| for each a € A, i.e. the involution * is norm isometric. Any C*-norm on A
evidently satisfies this property. An involutive algebra equipped with a C*-norm || || is named
pre-C*-algebra, seen as a dense *-subalgebra of its C™*-completion.

We also recall that, for a positive functional f on a normed *-algebra (A, || ||4), f is || || a-weakly
bounded on a subset X C A if all mappings of the form

X >z fla*za) € [0,+00), a€ A,
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are norm-continuous. Likewise, the representation 7: A — L(H,) of A on a pre-Hilbert space
H, is said to be weakly continuous on a subset X C A if all the linear forms

X 3w we(x) =), )n,, €€ Ho,

are norm-continuous. In both cases, if X = A, we shall simply say “weakly continuous,, / “weakly
bounded,,.

Interestingly, it can be shown that, when 7 is weakly continuous on X := Ag,, 7(A) C B(H,)
and then each operator m(a) can be uniquely extended to a bounded operator 7(a) € B(H) (see
Theorem 25.5 in [106]), coinciding with its (unique) closed extension.

Instances of representations of a *-algebra A, ubiquitous in literature, are the ones induced by
(algebraically) positive functionals. If f: A — C is a positive functional, let (a,b); := f(b*a)
(a,b € A) the positive semidefinite, sesquilinear form associated to f. Evidently, it satisfies

o (ab,c)y = (b,a*c)s for a,b,c € A

o (a,b); = (b,a)s for a,b € A (Hermitianness of (-,-)y)
e [{a,b)]* < {a,a)(b,b); for a,b € A (Cauchy-Bunyakovsky-Schwarz inequality)

Denote by ny := {a € A: (a,b); = 0,b € A} = {a € A: f(a*a) = 0} the left kernel of the
functional f, a left (in general, not *-closed) ideal of A. The quotient space H, s := A/ny =
{ay: a € A} is then equipped with a well-defined inner product

{ag,bp)a, ;= (a,b)p = f(b°a), ap by € Moy,

thence getting a structure of pre-Hilbert space, upon which the left multiplication representation
of A
Wf(a)bf = (ab)f, a,be A,

acts via linear operators, with algebraically cyclic vector &; := (]lA)f: r(A)¢r = Hop. The
explicit relation between f and the associated representation 7 is then, as is known, given by

fla) = (ms(a)és. E)m,, a €A

If 74(A) C B(Hy,), 7s is said to be the GNS (Gel'fand, Neumark and Segal) representation
associated to f. As seen in Lemma I1.3.1, it yields a representation 77: A — B(Hy), where
Hy = H_Of When A is equipped with an algebra norm, one can straightforwardly characterize
norm-continuity of a positive functional f via the associated representation.

Proposition 11.3.2
Let A be a normed, unital *-algebra, and f a non-zero, algebraically positive, linear functional
on A. Under the notation of Lemma I1.3.1, the following are equivalent:

(1) f: A— C is bounded;
(2) mp: A— L(Hy,) acts by bounded operators, and 77: A — B(Hy) is bounded;

(3) mp: A — L(Hy,) acts by bounded operators, and 77: A — B(Hy) is weakly continuous.

In the event that || || is a C*-norm and 2 := Al (with positive cone 2, := {z"z: z € A}), the
previous three properties are equivalent to each of the following:

(4) f(Ay N A) C [0, +00);
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(5) m(y N A) C B(Hy)s.

Proof.
We will show the implication scheme (1) < (2) < (3).
(1) = (2): since f is bounded, for each vector & := 7s(b){s, we get

jwe ()| = (T (02085, &1 ), | = |F (720 < ClBIENI2]la, = € A

i.e. m is weakly continuous on the subset As,. By Theorem 25.5 in [106], we deduce that
mf(A) C B(H,f). Lastly, since f admits a unique algebraically positive continuation f to the

Banach *-algebra Al (with automatically contractive GNS representation 7y on the Hilbert
space Hz, by Corollary 25.17 in [106]), T7: A — B(Hy) and 75| ,: A — B(Hg) are unitarily
equivalent representations of A (see e.g. [101], Theorem 4.41, pp. 80-81; here, the unitality
requirement on A is used). It follows that 77 is bounded (even contractive).

(2) = (1): by boundedness of 7y,

[f(@)] < 77 @)lllIeAl* < CllgsN 1l

for every x € A, whence f is bounded.

(2) = (3) is obvious.

(3) = (2): we shall apply the uniform boundedness principle twice. Using the polarization
identity on Hy and the decomposition of elements of A in their respective real and imaginary

parts, for every fixed §, 1 € H the linear functionals A > a +— (7f(a)§, )2, are bounded. By the

Riesz representation theorem, this is equivalent to say that the &-section Se := {ms(a)¢: [la|| <
1} C Hy is weakly bounded, that is ¢(S¢) is bounded in C for every ¢ € H}. By the Banach-

Steinhaus theorem, S¢ is then bounded in Hj, that is sup Hm(a)f H < (¢ for every fixed
llal|<1

§ € Hy. Again applying Banach-Steinhaus, (Wf(a)) C B(Hy) is a bounded family of

operators, that is 77: A — B(H) is bounded.

The last part of the lemma is easily implied by Propositions 2.1 (p. 10) and 2.11 (p. 16) in [96],

since A is a particular instance of (dense) operator system in 2. [J

a€A: |la]|<1

Remark I1.3.3
Recall that f: A — C in the previous lemma is bounded if and only if ker f is closed if and
only if the graph of f is closed.

As for C*-algebras, a state ¢ € S(A) on a unital *-algebra is a (algebraically) positive unital
functional on A, that is ¢ <Z A2> C [0,400) and p(14) = 1. We shall say that a family of
states S C S(A) separates the points of A (or that it is point separating for A) if the condition
“o(a*a) = 0 for each ¢ € S, implies that a = 0. If ¢ € S(A) is such that S = {¢} is point
separating for A, then ¢ is said to be faithful.

II1.4. Abstract Fourier analysis on C*-algebras

We outline here the structure of a graded C*-algebra arising from the action of a compact
(abelian) group. First of all, let us give some basic facts, useful for the upcoming theory. If
B C 2 is an inclusion of C*-algebras, a projection of 2 onto 9B is a surjective linear map
E: A — B s.t. Eb) =0 for each b € B. If, in addition, E is contractive, it is said to be a
(conditional) expectation of A onto B. It is well known that an expectation E' is automatically
completely positive and a B-bimodule map, i.e. E(bjabs) = biE(a)bs (a € A by, by € B).
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Trivially, B C Mg, where Mg = {a € A: E(a"a) = E(a)"E(a), E(aa*) = E(a)E(a)"} is the
multiplicative domain of E, a C*-subalgebra of 2. Notice that if B C 2 have a common unity
and E: 2 — B is a unital projection, then it is an expectation iff it is positive.

A faithful expectation E of 2 onto B (i.e. one for which 2, Nker £ = {0}) gives A a structure
of pre-Hilbert *-bimodule over B, i.e. of *-closed B-bimodule equipped with a bilinear B-valued
map
()E: AXA— B
(a1,a9) = (a1, a9) g = E(araz)
satisfying
o (bay,as)p = bla1, az)k, (a1, a2b)p = (a1, az)pb and (a1, az)p = (a1, bag)p, ar,az € A, b €

B (B-bilinearity)
o (a1,a2)p = (a3, 01)E, a1,02 € A
o (a,a")peUA,acU
e (a,a")p=0if and only if a =0

The map (-,-)g also induces two sesquilinear, positive definite, Hermitian, B-valued maps

(a1,a9); == {(a1,a5)p = E(a1a3), (a1,as), = (a],a2)p = FE(ajaz), and hence three norms
lall = +/{a,a) = \/E(aa*), llall. := \/{a,a), = y/E(a*a) and |la[lm = [lall V [lall, =
lall; v |la*||;. If || ||m is complete (i.e. || ||m-Cauchy sequences converge), then 2 is said to be a

Hilbert *-bimodule over 8. We remark that:
(1) (A, (-,-);) is a left pre-Hilbert B-module, whereas (2, (-, -),) a right one
(2) the involution * is || ||,,-isometric

(3) [[E(a)|la < llalli Allallr < lallm < |lalla, a € 2A; in particular, the metric topology induced
by || ||m is coarser than the one associated to || ||s

We are particularly interested in projections coming from C*-systems. A C*-system (or
briefly, C*-system) is a triplet (2, G, «) consisting of a (unital) C*-algebra, a (Hausdorff)
topological group G and a strongly continuous (that is, continuous in the point-norm topology)
action G A 2, ie. a representation G > ¢ — a, € Aut(2) of G via *-automorphisms of
2 s.t. for each fixed a € A, the mapping g — a4(a) is norm-continuous. Sometimes, for
a € Aand g € G, we will also write g(a) in place of ay(a), in order not to overload the
notation. Also, if there is no matter of confusion, we will omit to indicate the symbol «
where possible. For instance, the fixed point C*-subalgebra made of all the G-stable elements
will be simply denoted by A¢ := {a € A: g(a) = a, g € G}. Apparently, Cly C A®. If
A% = Cly, the C*-system (A, G, «), or the action «, is said to be ergodic. If 2 is abelian,
even non-unital, by Gel’fand-Neumark theorem 24 = C,(€2yq) where Qy := Hom(2(,C) is a
locally compact, Hausdorff space when endowed with the topology of pointwise convergence,
so that Aut(21) = Aut(C,(Qa)) = {¢+: ¢ € Homeo(Qu)} (¢.(f) := fo ¢t for f € Co(Qy) is the
pushforward of ¢). It follows that, when 2 is abelian, there exists a 1-1 correspondence between
C*-systems (2, G, a) and classical dynamical system (Qgq, GP, o).

Let (A, G, ) be a C*-system. The pullback of the strongly continuous action G A 2 is a
weakly-* continuous action G' A S(21), and Sg(A) := Fix(a*) = {¢ € S(A): poa, = ¢, g € G}
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is the convex space of the G-invariant states. Since we always deal with unital C*-algebras,
Sce(2A) is also weakly-* compact. Its extremal boundary

Ea(A) = Ext(Sa()) = {p € Sa(): ¢ = tp1+(1-t)pa, t € (0,1),p; € Sa(A) = 01 = w2 = ¢}

consists of the so-called G-ergodic (or simply, ergodic) states. We will see soon that the
choice of this term is linked to the relative “purity, (viz “integral indecomposability,,) of
elements in E;(2A) among all the G-invariant ones. By Krejn-Mil'man theorem, £ (2) # @ and
Sa(A) = " (Eq(A)), the weak-* closure of the convex hull of E;(21). For each ¢ € Sg(A),
there exists a GNS covariant representation (H, 7y, Uy, &) of A, i.e. the triple (7, Hy, &) is
the unique (up to unitary equivalence) GNS representation associated to ¢ and U,: G — U(H,,)
is a strongly continuous unitary representation of G on H,, satisfying

To(ag(a)) = adUs@(g)<7T<P(a’)) =Uy(9)mo(a)Uy(9)", g€ G, ac

Up(9)6p = 6oy 9€G
Let 7-[5 ={{ € Hy: Uy(9)6 =&, 9 € Gf and P,: Hy — Hg the associated orthogonal

projection. Notice that the inner action G aigf B(H,) is pointwise o-weakly (equivalently,
pointwise weakly or pointwise strongly) continuous, therefore not only the C*-algebra m, (),
but also the generated GNS von Neumann algebra m, ()" is left invariant by ady,. Let Rep(2)
be the family of (unitary equivalence classes of ) non-degenerate representations of 2 on some
Hilbert space. Similarly, let URep(G) be the family of (unitary equivalence classes of) strongly
continuous unitary representations of G on Hilbert spaces. The previous discussion says that
¢ € S¢(2) induces (m,,U,) € Cov(2A, G, o), where

Cov(A, G, ) :={(m,Uz): m € Rep(A), Ur € URep(G), mo ay = adyy), g € G}.

From now on, let us suppose GG compact. Then, there exists a unital, faithful, G-invariant
expectation Fg: A — A9 onto the fixed point subalgebra A€ given by the Bochner integral

Eg(a) == /ag(a)dg, ac (11.2)
G
where dg denotes the probability Haar measure on G (that is, the unique inner-outer regular,
Borel probability measure on GG which is invariant under G-translations). It is clear that if
(A, G,a) and (B, H, ) are two C*-systems and m € Hom(%2(, *B) is equivariant (i.e. moa = fom),
then faithfulness of 7 on 2 and on A are equivalent, in which case 7 o E¢ is a faithful c.p.u.
map (for a reference, see Section 4.5 in [88], p. 133). In view of the above discussion, the
C*-algebra 2 inherits three pre-Hilbert module structures over its fixed point subalgebra A¢: the
first of *-bimodule given by (a1, as)p, = /ag(al)ag(ag)dg, the second of left module given by
G
(ay,a9); == /ag(al)ag(ag)*dg, the last of right module given by (a1, as), := /ag(al)*ag(ag)dg.
G G

Coming back to G-invariant states, now we can write Sg(2) = E, (S (QlG)) and the mappings

Sa(A) = S(AY)

o+ p|ye
fOEng

are affine, weakly-* bicontinuous homeomorphisms, one the inverse of the other. The ergodicity
of the action « is then equivalent to requiring that the C*-system (A, G, «) is uniquely ergodic (i.e.
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Si(R) is a singleton, consisting of a unique G-invariant, faithful state w, s.t. Eg(a) = wq(a)ly,
a € 2A), see [30] and the references cited therein. Thanks to the faithfulness of E¢, one
straightforwardly sees that Sg(2() is point separating for 2(, and by an easy application of
Krejn-Mil’'man theorem the same holds for E¢(21).

Moreover, given any state ¢ € S(2), we can always express the GNS representations of its
restriction p|yc € S(AY) and of its Eg-pullback EY(p) € Sg(2A) in terms of the one associated
to ¢ itself.

Proposition 11.4.1
Let (A, G, @) be a C*-system and ¢ € S(2A). Then,

(1) (lemc’ﬂwlmc;?g@\mc) = (]Csmr’% © 7T<p|2lc>€<p)7 where ICAO = W@(QIG)&p C Hsﬁ

(2) (Hpes Taee pry) = (L£,72 0 1L VE,) where (H,I1, V) is the minimal Stinespring dilation
of the c.p.u. map rg, om, 0 Eg: U — B(K,) and L := MROVE, CH, ie.

IT: 24 — B(H) unital representation K, (meoPo)(@)

V e B(K,, H) isometry [ T (a )
To(Ea())lk, = P, 10|k,

HEROV(K,) =H — H

Moreover, there exists a (strongly continuous) unitary representation U: G — U(L) s.t.

(IToag)(a)

L—— L
{UQV§¢ = V&Pu gc G U;l ® TUg (a < Ql,g S G)
(o ag)()le = Ull()Uy, g€ G
L— L
II(a)
As a special case, if ¢ € Sg(2A), then
(i) ’C@D = Hf
(i) (H,TL,V) = (Hg, T, t3g), with V* = P Hy — HS
(iii) £ =%H,
Proof.
(1) The proof is straightforward since, on A, gp() = ((rk, o m)(-)ép, &) and

TK, O MploG A° - B (K,) is a cyclic representation of A with cyclic vector & € Ky

(2) Again, the proof is easy since, on 2, (Eg@)(-) = (m,(Eg(+))é,, &) = (TI(- )Vﬁw, V¢,) and
reoIl: A — B(L) is a cyclic representation of 2 with cyclic vector V&, € L. Moreover,
Etp € Sq() whence there exists a unitary representation U of G on L satisfying the covari-
ance property.

Now, suppose that ¢ € Sg(2).

(i) Eg: A — A passes to the quotient modulo the left kernel n, of ¢, yielding a contractive,
idempotent (hence, positive) surjective map of pre-Hilbert spaces Eq: 2A/n, — A¢/ (n, N A).
Observe that for every a € 2
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thus the unique bounded extension of EE to H, coincides with the orthogonal projection

P,: H, - Hg. Furthermore, since &, € ’Hg, T, (A9)E, C Hg whence K, = 7, (%), C "Hg.

For the converse inclusion, let & € Hg ie. P§ = /Uw(g)gdg = £. By cyclicity of the

G
vector &, € H, for m,, there exists a sequence (an)nen C A s.t. lirf To(an)é, = & In
n—-+00

particular {m,(a,)&,}nen is bounded in H, by a constant M > 0, therefore the sequence
o g Uy(g)ms(ay)é, is uniformly bounded:

len(9)ll, = lIme(an)éolla, < M.

By Lebesgue Dominated Convergence Theorem, covariance and continuity of 7,

E= lim [ Uy(9)my(an)é,dg = lim [ m,(oy(an))é,dg = lim /Wso(ag(an))dg €, =

n——+o0o n——+00 n—+00
G G G

T / ay(a)dg | € = lim m,(Ec(an)é,

n—-+00 n—-+0o0o
G

whence £ € 7, (A9)E,, and K, = HS.
(i) (Hg, mp, tyg) is a Stinespring dilation for the c.p.u. map rygom,o0Eg. Since m,(A)HE = H,,
it is also the minimal one, up to unitary equivalence. In particular, V* = L;g = P,.
(iii) By (ii), we immediately have £ = H,,. O
Remark 11.4.2
If p € Sg(A), then

o 7,(Eq(-)) = P,m,(+) as operators acting on Hg
e the GNS representations of ¢ and ¢|ye are related by the inequality
17 lqe (Ba () lsag) < llmo()llsae,) -

We recall now a construction which will be useful in the sequel (for a reference, see p. 139 in [86]).
Any representation (m, H,) of 2 induces a covariant representation (7, \%) € Cov(2A, G, a) as
follows. Let H.c := L*(G,dg; H,) = H, ® L*(G,dg) and for every ¢ € H,c and a € 2 define

7%(a)(€): G — Hyo
g9 = m(ag-1(a))(&) (IL.3)

It is easy to see that, if A\f; := Iy, ® A\g is the ampliation of the left regular representation A\g
on H,c, then
Ne(9)m (@G (g7h) = 7%(ag(a)) a€A ge .

Therefore, (7rG7 M, Ag) becomes a covariant representation. Notice that, if 7 is faithful, then

(G (A), )\E(G»B(H"G) does not depend on the chosen faithful representation 7 of 2 and provides
the definition of the reduced crossed product A X, G (see Definition 4.1.4 and Proposition 4.1.5
in p. 118: there, Brown and Ozawa treat the discrete case only, but the proof can be adapted
to the compact one as well). The folium of 7% is defined as

ueN & AeB1(H a)
positive,unit trace
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*

where N is any orthonormal basis on H,c. If 7€ is faithful, F(xG) = A* (topological dual of

2) and F (WG)JFW* = A7 (positive cone in the topological dual 2A*).

Let G be the family of (unitary equivalence classes of) strongly continuous, unitary represen-
tations of G on some Hilbert space, which are irreducible: for each of them, the only proper,
stable, closed subspace is the trivial one. By the Schur lemma, we can write

G = {o € URep(G): 0(G) = CI,} = {o € URep(Q): 0(G)" = B(H,)} =
= {0 € URep(G): every & € H, \ {0} cyclic for o} .

For every o € URep(G), let d, := dimcH, € NU {oc}. This is a good definition, being
independent on the particular choice of representative of the unitary equivalence class. Also, for
every 0 € URep(G) and &, 1 € H,, let wye,, := (€, 1) € B(H,)«. Then, the classical Peter-Weyl
theorem guarantees that

e G C {0 € URep(G): d, < oo}

e if 0 € URep(G), then o is the direct sum of elements in G. In particular, for each pair
0,7 € G, there exists a finite set F,. C Gst. o@T = @ ') . p for some structure
pEFs -
constants IV _ # 0, p € F;, ;. Observe that they must satisfy Z IV .d, = dsd;.

pEFs T

e the left regular representation A\g: G — U(L*(G, dg)) is unitarily equivalent to @ dyo
oed

o {Wyeno00:0€ @, &,n € H,} separates the points of G, and hence by Stone-Weierstrass
theorem R
C(G) = [woepoo:0€G,En€EH,.
For o € @, by identifying H, with C% and defining o/(-);; := Wo.e;e; 00, With {e;}=, C C%
an orthonormal basis, C(G) = [0(-);;: 0 € Gij=1,...,d,]

t . 1 &
r(gg( ) rn ; o ()i be the (normalized) character of o (once more,

the definition does not depend on the choice of the class representative). For each o € CA}', we
thus define the Bochner integrals

d,

For o € G, let Xo () ==

E,(a) := /Xa—@ag(a)dg, acd. (IL.4)
G
E,;j(a) = /J(g)jiag(a)dg, aeA, i,j=1,...,d,. (I1.5)
el
Then, E, is a contractive projection from 2 onto the closed operator space 2, := {a €
A: E,(a) = a}. It is worth noticing that E, (and, consequently, 2,) does not depend on the
choice of the class representative, whereas E,;; (i,j =1,...,d,) does. Nonetheless, it always

results that E,;;(A) C A, for every 4,5 = 1,...,d, (see Section 2 in [63], p. 278-279). In
particular, if ¢ = eg is the trivial representation, F, = Eg and 2, = A% so that if w € S () is
the unique G-invariant state of an ergodic C*-system (2, G, «) we can write F,(a) = w(a)ly

(a € A). Furthermore, A, := + 2, is uniformly dense in A (see Lemma 2.4 in [63], p. 279).
oceG
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We will call 2, the algebraic layer of the C*-system (2, G, «), a G-stable pre-C*-subalgebra of
2.

When the compact group G is abelian, G = Hom(G,T) is a discrete abelian group, and 2,
admits a very well-behaved structure, as the following proposition will show. Firstly, let 2
be a unital C*-algebra and G a compact abelian group acting by translation on the (possibly,

non-abelian) C*-algebra C(G,2) via G A~ C(G,2). Then, we have an isometric *-isomorphism
of pre-C*-algebras, given by the abstract Fourier transform:

F: (CAG A7), || 1l0) = (C(GC W, || - o)
a® u, — [g— o(g)al

where C, (G Ql 7) is the convolution algebra of the C*-system (G 2, 7) where G acts trivially
on A via G A A: it is a pre-C* -algebra w.r.t. the full crossed product norm || - ||¢ and its
completion gives 2 X, ¢ G~ R mmin C*(G) Precisely, for every o € G

F{a®ustaca) = {9 = 0(9)a}aca = {f € C(G,A): ay(f) = 0(9)f} = C(G,A)s

and F extends to an isometric *-isomorphism of C*-algebras: A @ C*(G) = C(G, ). Notice
also that {g — o(g)a}teca = AUlo], the cyclic A-module generated by o.

Proposition 11.4.3
Let G be a compact abelian group and 2l a unital C*-algebra. The following data are equivalent:

(i) an action G~ 2: a € Hom(G, Aut(21)) s.t. g — a,(a) is norm-continuous for each a € A
(i) a coaction C*(G) A6 e Hom(2A, C(G,2l)) injective s.t.

e [6(2)] =C(G,) (non-degeneracy)

e the following diagram commutes:

A—2 5 C(G, A
| Sc: C(G) = C(G x G)
d [seiae £ [(07) > £(o)]
C(G, ) o= C(G x G,

(iii) a topological G-grading on 2: there exists a family {25} g of linearly independent,
Banach subspaces of 21 such that

(ili-a) A = @ Ay

(iii-b) AA, C Apr, 0,7 € G
(iii-c) A=Ay, o0€C
E(a) =a,a e,

(ifi-d) there exists £ € B() s.t. {E(a) =0, 0 €U, 041

Proof.
The equivalence (1)< (ii) is exposed in Example A.23 of [89] (p.127). For the convenience of the
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reader, let us sketch the proof.
(i)=-(ii): Suppose that G acts on 2 via a. Then,

5% A — C(G, A)
a = [g > ag(a)]

is a non-degenerate (i.e. d*(2) is dense in C(G, %)) *~homomorphism making the diagram

A —2 5 (G,

6"‘l l&"‘ Ridg

C(G,A) —— C(G x G,A)

idg®dcx

commute: for every a € A, ((0° ®idg) 0 0%)(a) = ((idy ® d¢) 0 0%)(a) : (g, h) — azu(a).
(ii)=(i): Suppose that G coacts on 2 via d. Then,

a’: G — Aut(A)
g = la—0(a)(9)]

defines a strongly continuous action of G on 2.

(i)=(iii): Suppose that G acts on 2 via a. For every o € CAJ, define the o-spectral subspace
A, :={a € A: ay(a) =0(g)a, g € G}

Then, one straightforwardly checks that {2, }__z is a family of linearly independent, norm-closed
subspaces of 2. Moreover,

AA C Ay, 0,7€G

A=A, 0€C

A, = + A, dense in A

oceG

Lastly, E := Eg € B() in Equation 11.2 satisfies E(a) = a for a € 2, = A€ and E(a) = 0 for
a€A,, 0F#1.

(iii)=-(i) is established in Theorem 3 of [68] (p. 129). In particular, there is a strongly continuous

action G~ 2 such that a,(a) = o(g)a for every a € ,, o € G, and E = /ag(-)dg = Fg €
e
B(A). O

Remark 11.4.4 R

The points (iii-a), (iii-b) and (iii-c) in Proposition 11.4.3 gives the definition of G-grading. Its
topological feature is encoded in point (iii-d), and a map E € B(2() satisfying (iii-d) is the
unique one that does so, and it is automatically an expectation of 2 onto 2, (see Theorem
3.3 in [26], p. 50). We also remark that the definition of 2, in the proof of Proposition 11.4.3
matches the one previously given in the general (possibly, non-abelian) setting. In particular,

we still have a family of contractive projections E, = [ o(g)a,(-)dg for every o € G.
G
Remark 11.4.5

Suppose that G is monothetic, namely it admits a dense cyclic subgroup. Let Gg := {g €
G: (g9) < G dense} the family of generators of G. Then, it is easy to show that if g € Gg,
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. jTHoo . . . . .
® a,? —— idy pointwise in norm, for a suitable subsequence {n;}jen CN

e So, () = Sa()

Examples of compact monothetic groups are, of course, cyclic ones, as well as T" (n > 1) and

the Bohr compactification of Z. More generally, G is monothetic iff G is continuously embedded
into the discrete torus Tq (see Theorem I in [45], p. 255).

Remark 11.4.6
Equivalence of (i) and (ii) in Proposition I1.4.3 has been established in the far more general
setting of (possibly, non-abelian) locally compact groups, for which there is a 1-1 correspondence

between G-actions and C¥(G)-coactions, with C*(G) being the dual C*-quantum group of the

reduced group algebra of G (see [5], where Baaj-Skandalis duality yields C*(G) = Co(G)). It is
also worth noticing that every G-grading on 2 gives rise to a Fell bundle over G. A Fell (or
C*-algebraic) bundle over any topological group G is a quadruplet & := (X, 7,-,*) s.t.

e X Hausdorff space (bundle space)

e 7: X — G Tx-continuous and open (bundle projection, with fibers X, := 7 '(o) and
sections [: G — X ie. f(o) € X,, 0 €G)

(X, - |l-) Banach space, 0 € G

Xy 2 ar|all, €]0,4+00) Tx-continuous, o € G
e +,: X, — X, Tx-continuous, ¢ € G (continuity of addition)

e )\,: X, — X, Tx-continuous, 0 € G, A\ € C (continuity of product-by-scalar)

. : A .
implies a), = 0, in 7x

A
{||aA||JA 2% 0in R

° A
m(ay) = o in 1g

e - X x X — X associative, Tx-continuous and s.t. 7(a -b) = w(a)w(b) (a,b € X);
Ix,xx,: Xo X X; — X, bilinear, ||a - b||o- < |la|lo 0]l (¢ € X5,b € X))

*: X — X involutive, isometric, Tx-continuous, - -reversing and s.t. 7(a*) = 7(a) (a € X);
“|x,: Xo = X,-1 antilinear

lla*a|| = ||a||* for every a € X
e a'a > 0in X, for every a € X

In particular, Xy is a C*-algebra (for a reference, see Definitions 13.4 in [91] at p. 127 and 16.2
at p. 871 in [92]). In our case, § = G and X = H 2(,. Moreover, the algebraic layer 2, can

oG
be viewed as the algebra of finitely supported sections

C(B)={ f: G — HQLU: f section, |{f(c) # 0} < o0 p ,

oel
an involutive algebra if endowed with the convolution product

(fx9)0) = f(P)g(r7'0), o€G, f[fgeCl(B)

TE/G\

and the involution (f*)(c) := f(o™")*, 0 € G, f € C.(B).
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Remark 11.4.7 R R
Consider the subset of G spec,(a) := {a eG: A, # {0}} Then, 2A, = 2 if and only if

spec,(a) is finite. Moreover, spec,(a) contains ¢ and is symmetric in G (stable under inverse
operation), though it is not true in general that it is a subgroup of G. Thus, spec(a) is
defined as the subgroup of G generated by spec,(a). When « is ergodic, taking verbatim the
proof of Proposition 2.2 of [28] (p. 312), 2, with o € spec,(a) is always a one-dimensional
subspace made of all scalar multiples of a single unitary. As a consequence, in such a case
spec, () = spec(a) is a subgroup of G. For the convenience of the reader, we report the proof
here below.

Proof.
Let o € spec,(a). Consider two non-zero a,b € ,. Since a*a,b*b € A“ = C1 and they both
are positive, we have a*a = aa* = ||a||*1 and b*b = bb* = ||b||*1. Up to normalization, we can

thus suppose a,b unitary. It follows that a*b € A% = C1 is unitary, so that a*b = (@01
ie. b= e Hence, A, = Ca. All things considered, if 0,7 € spec, (), there exists
Uy, Uy € URL) s.t. A, = Cu, and A, = Cu,. In particular, 2,-1 = Cu} and 2,, = Cu,u,. We

conclude that o', o7 € spec,(a) and spec(a) = spec,(a). O

We conclude this section by observing that, exploiting the pre-Hilbert *-bimodule structure of

(2L, (-, -) g, over its fixed point subalgebra A9 where (a1,a2) g, = | aglar)oy(az)dyg, ar,as € A,

G
we easily see that the spectral subspaces {Q(g}aea are pairwise orthogonal w.r.t. both the
sesquilinear 2A%-valued maps (-,-); and (-,-),. The direct sum decomposition of the algebraic
layer 2, can then be thought of as an orthogonal decomposition, in both the left and right
pre-Hilbert A“-module structure of 2.

I1.5. On the automatic continuity of representations

We now establish a result which will play a crucial role in the sequel. It concerns the automatic
boundedness of all representations of the algebraic layer 2, of a C*-system (2, G, «), with G
compact and abelian.

We start by showing that every bounded *-algebra A admits an enveloping C*-algebra C*(A)
(for a reference, see Proposition 1.3 in [62], p. 2707).

Lemma 11.5.1
Let A be a bounded *-algebra. Then,

sup ||w(a)|| < 00, a€ A.
Rep(A)

In particular, || - |luo := sup ||7(-)|| is a well-defined C*-seminorm on A and N := {a €
Rep(A)

A: Jlallye = 0} is a two-sided *-ideal of A, thus yielding a C*-norm on A/N defined by
la+ Nl = llalluo, @ € A.

Proof.
By contradiction, if there exists a € A such that sup [|7(a)|| = +o00, there must exist a
Rep(A)
net {m;}icr C Rep(A) s.t. lim||m;(a)|| = +00. Consider the representation m := +m; on the
i iel
algebraic direct sum H, := + H;. By construction, m(a) € L(H,) is an unbounded operator: a

i€l
contradiction, since A is a bounded *-algebra. The rest of the assertion is routinary. [J
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If A is a bounded *-algebra, let C*(A) := A/—/\/'u be the enveloping C*-algebra of A.

From now on, we will deal with C*-systems (2, G,«) where G is compact and abelian. In
this setting, ¢ € Sg(2) iff ¢y, = 0 for every o € (A}’, o # 1, so that we have affine weakly-*
bicontinuous homeomorphisms

Sa(A) = Sg(A,) — SAAY)
e pla, el
E¢(f) < Eg(f)la, < f -

In particular, the previous homeomorphisms induce a bijective correspondence among Eq(21),
Ea(A,) and P(AC), where

PR ={feSQAY): f=tfi+ (1 —t)fo,t €(0,1), ;i € S = fi=fo = [}

is the family of pure states of AC.

At this stage, if we forget the topology inherited from %, the algebraic layer 2, is merely a
unital *-algebra containing 2A¢. The following result shows that 2, is bounded, hence admitting
an enveloping C*-algebra C*(2l,), by the previous lemma.

Proposition I1.5.2
Let (A,G,a) be a C*-system, where GG is compact and abelian. Then, the algebraic layer
A, = + A, is a bounded *-algebra.

ceG

Proof.
Let a := Z a, € A,, where a, € 2, is zero for all but finitely many o € G. We need to find

prael

C, > 0 (only depending on a) such that C 1y —a*a € ZQ@ Let S := {0 € G: a, # 0} be
|25| ={x=(21,...,7)9): v € {0,1}}

a*a = Z ara, <qg, Z (Z(—l)z"ag> (Z(—l)’”v’%) =

the support of a and fix a total ordering on it. If Z

o,0'€S XGZ‘QS‘ ces o'eS
= > D> (V)T aag = Y ({we = w0} = {o # 2o}]) ajan =
o,0’'eS erIZS\ o,0’'€S
= 2l Zazaa + Z(?lsl_l — 25 gk ay = 2151 Zaiaa =29 Eg(a*a).
ces o#o’ cesS

Now, Eg(a*a) € A hence there exists \/HEg(a*a)Hm — Egla*a) € C*(Eg(a*a)) C AY C A,

It follows that a*a <q, 2I°'Fg(a*a) <q, 2'||Eg(a*a)||ly. O

Thanks to the faithfulness of E¢, we are now ready to show that C*(2(,) is naturally isomorphic
to 2, thus establishing a 1-1 correspondence between Rep(2l,) and Rep(2l), as well as between
S(2,) and S(A). Preliminarily, notice that 2, is *-semisimple, i.e. the two-sided *-ideal
N = {|la|luo = 0} = {0}: it suffices to take the restriction to 2, of the universal GNS
representation m, of the C*-algebra 2, since m,(a) = 0 implies a = 0.

Proposition 11.5.3
The C*-norms || - ||, and || - || coincide on 2,, whence C*(2(,) = 2. In particular, there exist
1-1 correspondences

e between Rep(2,) and Rep(2l)

10

12

14

16

18

20

22

24

26

28

30

32

34



10

12

14

16

18

20

22

24

26

28

30

32

38 CHAPTER II. GRADED C*-ALGEBRAS AND TWISTED TENSOR PRODUCTS
e between S(2,) and S(A)

Proof.
Observe that || - ||, is compatible w.r.t. the action « i.e. « extends to an action a on C*(,).
Indeed, on 2A, we have

lag()llw =" sup [[(moay)()l= suwp |z()[=I-l. ge€C,
mERep(2s) mERep(2Ao)

Furthermore, the maps G 3 g — ay(a) € C*(2,) are || - || -continuous for each a € C*(,).
Indeed, for € > 0, choose a. € 2, such that ||a — a.||, < ¢, and note that, for some finite
N = Nge,
n
ae = Z a;, a;’s homogeneous.
j=1

By applying a standard 2s-argument, we get

||&g(a) - aHu SH&Q(G - aE)Hu + HO‘Q(QE) - aé‘”u + Haa - aHu

n

> ((9a;)(9) = 1)ay

i=1

<2e +

where Oa; is the degree of a; € /,, j = 1,...,n. Taking the limsup on both members, we obtain

limsup [|a,(a) — allu < 2¢,
g—ea

and the result is reached as € > 0 is arbitrary. In conclusion, (C*(%,), G, @) is a C*-system. We
now prove that its fixed point subalgebra C’*(QLO)G coincides exactly with A¢. By uniqueness
of the C*-norm on AC, || - |ls = || - [« on A®. On the one hand, the map E*: (s, || - ||o) —
QA ]| - |la = || - [l2) is contractive since [[E*()|la < || - |a < || - |[u therefore it uniquely
extends to a contraction from C*(2l,) onto A°. On the other hand, since the expectation
E%: C*(A,) — C*(A,) is such that E%y, = E*, EY must be the unique bounded extension of
E*. Tt follows that C*(2,)% = A°.

By faithfulness of E% on C*(2,), {p o E%: ¢ € S(AY)} is point separating for C*(2,), and
analogously for E* on 2, whence

I lla="sup |[muopa(-)ll on C*(A)

pES(AF)
Il =" sup |[mpopa ()] on A
PES(AF)
In particular, || - ||, = - |]a on 2,. By definition of || - ||.,, it follows that for every m € Rep(2l,)
we have
I <A Tl = 1] - [ler
on A,. In other words, every representation of 2, is contractive w.r.t. || - ||a, so that there exists

a 1-1 correspondence between Rep(2l,) and Rep(2(). In particular, the GNS representation of
2(, associated to some ¢ € S(2,) is contractive, or equivalently by Proposition 11.3.2, ¢ is
contractive. In other words, there exists a bijection between S(2,) and S(). O
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I1.6. Bicharacters on groups

In addition to two C*-systems (2, G, «) and (B, H, 3), the forthcoming construction of their
twisted tensor product will heavily need the presence of a bicharacter on their Pontryagin
duals G, H. In general, given two locally compact (Hausdorff) groups G, H, a bicharacter is
a mapping u: G x H — T s.t. u(g,-) € Hom(H, T) for every g € G and u(-,h) € Hom(G, T)
for every h € H (here, Hom stands for continuous group homomorphisms). Observe that
w: g — u(g, ) is a homomorphism from G to Hom(#H,T), and similarly w,: h — u(-, h)
is a homomorphism from H to Hom(G,T). Following the notation in [52], we will write
B(G,H) :={u: G xH — T: u bicharacter} and B(G) := B(G,G). The left and right radicals of
u € B(G,H) are respectively defined as

Rad;(u) :={g € G: u(g,h) = 1Vh € H} = ker(w)

Rad,(u) :=={h € H: u(g,h) = 1Vg € G} = ker(u,)

Notice that they are closed, normal subgroups of G and H, respectively. In particular, u is
said to be non-degenerate if Rad;(u) = (eg) and Rad,(u) = (ey), degenerate otherwise. Every
degenerate u € B(G,H) clearly induces a non-degenerate one. Indeed, if L < Rad;(u) and
R < Rad,(u) are closed and normal respectively in G and H, u passes to the quotients by L
and R, i.e.

UL R: g/L X H/R—) T

(9 L, h R) = u(g,h)
is a well-defined element of B(G/L, H/R), where

Rad;(ur r) = Rad;(u)/L, Rad,(urr) =Rad,(u)/R.

In particular, if L := Rad,;(u) and R := Rad,(u), unqa := ur g € B(G/L,H/R) is non-degenerate.

Let G be a locally compact Hausdorff group. A bicharacter u € B(G) is symmetric if

u(g,g')=uld,g9), 9.9 €G.

Let S(G) := {u € B(G): u symmetric}. Similarly, u is said to be anti-symmetric (or skew-
symmetric) if

u(g,9') =ulg,g9), 9,9 €G.

Let A(G) := {u € B(G): u anti-symmetric}. Notice that if either u € S(G) or v € A(G), then
Rad;(u) = Rad,(u). In these two cases, we will simply call them radical of u, denoted by
Rad(u). To every u € B(G), we can always associate

e a symmetric bicharacter us € S(G), defined by us(g, ¢') := u(g, g )u(q’,9) (9,9 € G)

e an anti-symmetric bicharacter ua € A(G), defined by ua(g,g’) :== u(g, g)u(g’,9) (9,9 € G)

e a quadratic form Q,: G — T (i.e. Qu(g) = Qu(g™"), g € G) given by Qu(g) := u(g, 9),
geg

yielding a polarization identity Q.(99)Q.(9) Q(¢") = us(g,9'), 9,9 € G, whence Q, €
Hom(G,T) if and only if us = 1 (i.e. uw € A(G)). In such a case, im(Q,) C {1} = Z,

and the Q,-isotropy group
Ay =ker(Qu) = Q' ({1}) = {g € G: ulg. g) = 1}
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40 CHAPTER II. GRADED C*-ALGEBRAS AND TWISTED TENSOR PRODUCTS

is a normal closed subgroup of G of index |G : A;| < 2 and containing both Rad(u) and
{g>: g€ G}y If|G: AL =1, ie u(g,g) =1 for every g € G, u is said to be alternating,
otherwise |G : A;| = 2 and the unique non-trivial coset of A, in G is

A =Q, ({-1})={9€G:ulg,g) =-1}

Since we are interested in the case G = @, H=0H , where GG, H are compact abelian groups, we
now focus on bicharacters on discrete abelian groups (or equivalently, Z-modules). In such a
case, B(@, ILI\) = Hom(@, H) = Hom(ﬁ, G) = Hom((A}’ Rz f{\, T). Moreover, if G = H is finite
(hence isomorphic to a direct product of cyclic groups of prime power order, and in particular
self-dual), the polarization identity above induces a surjection

{Q: G = T: Q quadratic form} — S(G)
Q = [(o,7) = Q(o7)Q(0) Q(7)]

so that every symmetric bicharacter on G comes from some quadratic form. This mapping
is 1-1 when G has odd order, with inverse mapping given by S(G) > u — @,. As concerns
A(G), Scheunert classified them in Section 5 of [72], p. 715-716, in the case when G is a finitely
generated abelian group (here, anti-symmetric bicharacters are called commutation factors, as
they are used to define commutation relations on a u-Lie algebra). We report here its result.
We use the convention that Zo = Z/0Z = 7 and gcd(0,n) = n for any n > 0. Moreover, for

every i = 1,...,t, let 1, :=[1],, € Zy,.

Proposition II1.6.1 (Scheunert, [72])
Let G be finitely generated. If G = Z,, X --- X Z,, is a decomposition of G into cyclic groups,

~

then each u € A(G) is uniquely determined by an Hermitian matrix

t
U = ()i jmr = (ulli, 1)),y € My(T)
satisfying

(1) UZZ] =1, Nij = ng(nianj)

+1 if n; even
(2) ui =

1if n; odd
for every 7,7 = 1,...,t. Precisely,
t t t
_ OkTk O;Tj—04Ty
u E o, E T —Hukk H w7 (04,7 €Z)
=1 j=1 k=1 1<i<j<t

In particular,

e A, is generated by a set Sa, s.t. [Sa,| < |G+ A, |t (Schreier lemma)

° |@ Ayl =1 (ie. Ay = @, i.e. wis alternating) if and only if u is induced by some

~

v € B(G), i.e.
U(O’, T) = h7<07 T) = 7(0'7 T)’Y(Ta 0-)7 o, T S G

o |@ Ay| =2 (i.e. uis non-alternating) if and only if A :={i € {1,...,t}: uy = -1} # @.
In such a case, n; is even for some i = 1,...,t and

Ay ={(o1,...,00): |[{i € A: 0; 0dd}| is even}
A_={(o1,...,00): [{t € A: 0; 0odd}] is odd} .
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~ ~ ~

The following table shows the explicit form of B(G), A(G) and S(G) for notable compact abelian
groups G. In this table only, we will denote the finite cyclic groups as Z/nZ (n > 2) in order
to distinguish them from the (additive) p-adic integers group Z,, p being a prime. It is the
profinite group arising from the inverse limit of the canonical surjections Z/p"Z —» Z/p" 'Z,
and its Pontryagin dual is the Priifer p-group Z(p™), isomorphic to the quotient Q,/Z, of
rational p-adics by integer ones. Similarly, 7 is the profinite completion of Z, the inverse limit
of the canonical surjections Z/mZ — 7Z/nZ where n|m. Bohr(R) and Ry are respectively the

Bohr compactification and the discretization of R. They are in duality, as Bohr(Z) and Tjy.

Lastly, the additive group structure underlying the field Q can be viewed as the (discrete)
dual of the compact abelian group Ag/Q, where Ag is the adele ring of Q (or better said,
the underlying additive group). Ag/Q has also a description of direct limit of morphisms
Prm: T = T, pam(2) == 2" m >n, z € T (for a reference, see [94], p. 404). The last
column of the following table, concerning the decomposition of the group B(a), is mostly
attributable to Kleppner (see [52]).
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G compact G discrete B(@) A(@) S(@) Decomposition of B(G)
(x,y) > e ax My M € My(Z/nZ) M € My(Z/nZ) A(G) x S(G) if n odd
(Z/nZ)™ (Z/nZ)"
M € My(Z/nZ) anti-symmetric symmetric A(G)S(G) if n even
i (X,y) s 2 My M e My([0,1)) M e My([0,1)) A
- AG)S(@)
>~ SO,(C)N = (R/Z)N M € My([0,1)) anti-symmetric symmetric
(2,y) w2y z(r)y = —y(r)z z(r)y = y(r)z o
Bohr(R) Rq A(G) x S(G)
r € Bohr(R) z,y € Rq,r € Bohr(R) | z,y € Rq,r € Bohr(R)
(2, y) > 270 z(z)y = —y(z)z z(z)y = y(z)z S
Bohr(Z) Tq A(G) x S(G)
z € Bohr(Z) z,y € Tq,z € Bohr(Z) | z,y € T4,z € Bohr(Z)
Ag/Q (,y) w e2me@ z(a)y = —y(a)z z(a)y = y(a)z o
Q A(G) x S(G)
%hgﬂl“ acAy/Q z,y € Q,a € Ag/Q z,y € Qac Ag/Q
Zy =1mZ/p"Z Z(p™) :=1limZ/p"Z N N
P = 1 1 1 AG) x S(G)
= End(Z(p™)) = Qu/Zy
2 :=lmZ/nZ
Q/Z 1 1 1 A(G) x S(G)

gHZp
p
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Remark 11.6.2

If G and H are discrete (possibly, non-abelian) groups, then the derived/commutator subgroups
GW =[G, G] and HY := [H, H] are normal in G and H respectively, as well as evidently closed.
In addition, by commutativity of T, G < Rad;(u) and HY < Rad,(u), so that u € B(G, H)
descends to the abelianizations G*® = G /g“) and H® .= 'H/’H(l), which are still discrete
(since the quotient mapping 7" is open). Let wy, := Ug 11 € B(G™,H™). Notice that

é\ab =~ Hom(G,T) and Hab = Hom(?, T) are compact abelian groups.

I1.7. Algebraic twisted tensor products of graded C"-
algebras

We are finally ready to construct the algebraic twisted tensor product of two graded C*-algebras
20 and B. For such a purpose, we start from C*-systems (A, G,«) and (B, H, ), where G
and H are compact abelian groups, and a bicharacter u : G x H — T. The reader is referred
to [57] and [70] for a more abstract/categorical (but less constructive) approach to twisted
tensor products, arising from (continuous, right) coactions of locally compact C*-quantum
groups (in the sense of Woronowicz, see [81]). In both papers, the authors directly define new
C*-algebras via representations on Hilbert spaces, without analyzing their algebraic properties
and/or their (invariant) state spaces further. In any case, they will correspond respectively to
the minimal and maximal C*-completions of our algebraic twisted tensor product, as we will
see in Section I1.17.

For C*-systems (2, G, a) and (B, H, ), we first consider the algebraic layers 2, and B,
generated by homogeneous elements, and given for 2 by

A, = {Z a,: a, homogeneous, F' C G ﬁnite} ,

ocEF

and analogously for B, C 8. After fixing a bicharacter
GxH> (o,7) = u(o,7) €T,

we can construct the algebraic twisted tensor product 2, @ B, by equipping the linear space
A, ® B, with a *-operation and a compatible product in order to make it an involutive algebra.
We shall denote the involution with *, whereas the product with a simple juxtaposition, to
distinguish them from - and T on the usual (non-twisted) tensor product A, ® B,. This is done
directly on homogeneous elements a € 2, and b € B, with the convention that we sometimes
write u(a,b) := u(o, 7).

Indeed, on generators a € A, and A € A,, b € B, and B € B,, we put

(a®b)(A®B) :=u(o,7)((a®b)- (A® B)) =u(o,7)aA ®bB. (I1.6)

One straightforwardly checks that ((I1.6)) is associative and bilinear. Concerning the involution,
fora € A,, b € B, we put

(a®b)* :=u(o,7)(a®b) =u(o,7)a* ©b*. (I1.7)
The operation in ((I1.7)) is evidently involutive and C-antilinear.

Proposition I1.7.1
The linear space 2, ® B, equipped with the involution (I1.7) and product (I1.6), is an involutive
algebra.

10

12

14

16

18

20

22

24

26

28

30

32

34

36

38



10

12

14

16

18

20

22

24

26

28

30

32

34

36

11 CHAPTER II. GRADED C*-ALGEBRAS AND TWISTED TENSOR PRODUCTS

Proof.
The only crucial point to check is that (I1.7) and (I1.6) are well defined. Indeed, we note that

A, ©B, = GGGTGHQ[ © B,
%O @ Q[O - +O’EG,TEH%T @ Qlo- .

On such homogeneous subspaces, define
O, (0, ®br) =u(o,7)a, ©b,, YV, (b ®a,):=u(o,7)b, ®a, .

The above maps are all manifestly well defined, and thus uniquely extend to linear maps
Q:A,0B, - A, ©B, and ¥ : B, © A, — B, ®A,, respectively.
Concerning the star operation, it is clear that * = t o ® and, concerning the product maps Mg
and Mg,

Mg = Mg o (idg[o RV ® id%o) .

Therefore, (I1.7) and (I1.6) are well defined. [J

Definition I1.7.2
We denote by 2, @ B, the linear space A, ® B, equipped with the *-operation (I1.7) and the
product (I1.6). We name it twisted tensor product of 2, and ‘B, associated to the bicharacter u.

Here, the symbol “@” stands for “tensor product twisted by the bicharacter u”. Notice that, for
elements of A, @ B, of the form A:=a® 1y and B := 1 ®b, a € A, b € B, we incidentally
get the commutation rule o s

AB =u(o,T)BA,
which is well established for the Fermi tensor product (e.g. [49],[31],[19]), and the rotation
algebras (e.g. [85]). In particular, the (algebraic) Fermi product of two Zs-graded C*-algebras
2l and *B is defined as the involutive algebra 2 ® B where

(a®b)* = (—1)2%¢* @b*, (A®b)(a® B) = (-1)"®Aa ®bB (a,A € A, b, B € B,a,bhom.)

having identified Z, with {0, 1}.
Recall that for any non-empty subset X C G, the annihilator of X is defined as

L={geG:o(g)=1,0¢€X}.

Obviously, X+ = (X)* so that if we have an action G ~ 2, spec, (o)t = spec(a)® = ker(a).
Consider the C*-system (2, G, @), where G := G/spec(a) (with Pontryagin dual spec(a)) and

« is the faithful quotient action of G on 2. Tt is a matter of straightforward computation to
prove the following

Proposition I1.7.3
Let (A, G,«) and (B, H, ) be C*-systems, together with a bicharacter u. Then, the associated
twisted tensor product coincides with that associated to the quotient C*-systems (Q[, G, 62),

(‘B, ﬁ, B), and the bicharacter |spec(a)xspec(s)-

A dual result is connected to the structure of the involved bicharacter u. Indeed, consider the
two subgroups L := Rad;(u) C G and R := Rad,(u) C H. As seen in the previous section, the

bicharacter u passes to quotients G/L and H/R, namely

una(al, r) == u(o, 1), UECA}, lel, Teﬁ, renR,
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is a well-defined, non-degenerate bicharacter. Also, we recall that

L~G/L* R~ G/R*
L' ~G/L R*~TH/R

If two C*-systems as above are given, L= acts on 2 via |, whereas R* acts on 9B via (| z.. Let
s and 247, be the same C*-algebra 2, the former endowed with the @—grading induced by «a, the
latter with the G /L-grading induced by «|;1. Then, the G /L-grading “packs up” the original
G-grading by exploiting the cosets of L = Rad,(u). Precisely, if C := {C' C G: C coset of L},

(Ar)e = PRa)s, CeC

oceC

so that the algebraic layer of 2 is (), = th(QLL)C = C—ie—c

@(QLG)U .

oceC

If we ignore the

closure in 21 and define
(Q’[L)C,o = + (QIG)U,

A )oo = + (A O:'['Qla]
( L) C—ie—c< L)C’ th U_€|_C< G)

we immediately see that (2g), and (2(1),, are isomorphic as C-linear spaces. In a similar way,
the H/R-grading on ‘B employs the cosets of R to rearrange the H-grading. Furthermore,

Proposition 11.7.4
The identity is a *-isomorphism of involutive algebras

id: (Ac)o @ (Br)o — (AL)oo @ (Br)oo € (AL)o @ (Br)o

Proof.
Let a, A € (2¢), (with @ homogeneous) and b, B € (Bp), (with b homogeneous). Then,

(a@b)* =ula,b)a” @b* = upg(aR,bS)a* @ b* = (a @ b)*

(A@b)(a @ B) = u(a,b)Aa @ bB = upq(aR,bS)Aa @ bB = (A@® b)(a @ B). O

We shall come back to this construction afterwards, when C*-completions of an algebraic
twisted tensor product will be available. For the moment, notice that Proposition I1.7.3 and
Proposition I1.7.4 can be combined to obtain a kind of “non-degenerate” twisted tensor product,
where both the annihilators of the two spectra and the radicals of the bicharacter are modded
out.

For future scopes, we also describe here two natural isomorphisms involving twisted tensor
products: the flip (i.e. the isomorphism realizing the swap of the marginal algebras), and the
factoring-out mappings.

Proposition I1.7.5
The iwisged tensor product A, @ B, is naturally *-isomorphic to B, ®2l,, where the bicharacter
v:H x G — T is given by

v(b,a) :=u(a,b), aecA, be B, homogeneous.
The isomorphism is given on the homogeneous elements by

A, ©B,2a0b— P,(a®b) :=u(a,b)b®acA. ©B,.
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Proof.
> It is a matter of straightforward computation. For a, A € 2, (with a homogeneous) and
b, B € 9B, (with b homogeneous),

i Du((a@b)”) = u(a,b)®,(a* @b") = u(a,b)u(a*,b")b* @ a* =b" ®a* =
=v(b,a)(b®a)" = (v(b,a)b® a)* = (u(a,b)b ® a)* = &, (a @ b)*

P,(A@b)(a @ B)) = u(a, b)®,(Aa @ bB) = u(a, b)u(Aa, bB)bB @ Aa =
8 = u(A,b)u(a, Byu(A, B)bB @ Aa = u(A,b)u(a, B)v(B, A)bB ® Aa
=u(A,b)u(a, B)(b® A)(B®a) =P, (A@b)P,(a @ B). O

-

o Lastly, we discuss the factoring-out maps (I1.1) in the case when there is an additional structure
of involutive algebras and associated twists.
Let (2, Gy, o), i = 1 2, and (B, H, ) be three C*-systems as above. We also fix two
bicharacters u; : G x I — T. We then define a new C*-system (2, G, «v), where 2 := 2, & 2y,
1w G := G x Gy, and «a 1= a; @ ay defined by

-
N

ag(a) = (al)gl (al) S5 (aQ)g2(a2) ;o a=arDag,g= (91792>' (118)

s For the bicharacter, we put

[

u((o1,02),7) = w1 (01, T)uz(02,7), 05 € G,i=12r1€el. (I1.9)
18 An elementary checking shows that
((ml)o @ %o) D (( ) @ B ) ((Qll @ 912) @ %o) )

20 where the *-isomorphism is inherited by the right factoring-out map R in (II.1).
We want to point out that this isomorphism relies on the structure of spec,(a; @ az) C

22 G1 X GQ Gl X G2 Indeed

ES1 %2 (a1 @ as) // (01,02)(91, 92) X(g1.92) (a1 D a2)dg1dga =

G1xG2
» — || FEnE (@ @) @ (z)ne)dgdg: =
G1xG2

Gl[/GQ a1(g1)02(g2)(a1)g, (a1) d91d92 Gl[/Gz a1(g1)o2(g2)( a2)gg(a2)d91d92) =
o = ([ [Fm) @ ([ [ween) -

G1 Ga Gy Ga

= (G, [ @) (@)101) @ (G [ a2 (a)ig) =

. : (s B0 © (3 Eur00)

and this leads to spec,(a) C é’\l U é\Q C é\l X é\g
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For the convenience of the reader, we report the specular situation as well. Starting from C"-
systems (2, G, ), (B;, H;, 5;), i = 1,2, and bicharacters u; : G x H; — T, we put B8 := B; HB,,
H = H1 X HQ,

Br(b) := (B1)n, (b1) ® (B2)ny(ba), b; € B, h; € Hy, (I1.10)
u(a, (71,72)) =y (o, m)us(0, ), o€ @, T; € f-[\i, 1=1,2. (IT.11)
The left factoring-out map L realizes the *-isomorphism
(A @ (B1)o) @ (Ao @ (Ba),) = (Ao @ (B1 @ Ba)o) -
In case two C*-systems share the same group, there is a further construction involving the

diagonal action of that group. Let (2, G, ), i = 1,2, and (B, H, 5) three C*-systems. Fix
a bicharacter u : G x H — T. We get a new C*-system (2(; & s, G, d(“)) where the diagonal

(@
action G 7~ 2 is defined as
dé")(a) = (1)g(a1) ® (a2)y(az), a=a@ay ged. (I1.12)
As before, we can straightforwardly verify that

((Q[l)o @ %0) D ((2[2)0 @ s:Bo) = ((Q[l S QlQ)o @ %0> )

where the *-isomorphism is inherited by the right factoring-out map R in (IL.1).
Similarly, the case of the left factoring-out map L is summarized as follows. We start with C*-

®)
systems (2, G, «), (%B;, H, B;), i = 1,2, and a bicharacter u. The diagonal action H “ B, DB,
is then defined as
A7 (b) = (Bn(br) @ (Bo)u(ba),  b=1by @ by

whence we have

(Ao @ (B1)o) @ (Ao @ (B2)o) = (Ao @ (B1 ® Ba)s) -

Remark 11.7.6

From the very beginning, we could have started with two coactions C(G) A 2 and CHH) A B
by discrete (possibly, non-amenable) groups G and H, instead of two actions of compact abelian
groups, but the costruction of the algebraic twisted tensor product would turn out to reduce
to our case. Indeed, as explained in Remark I1.6.2, a bicharacter u € B(G,H) descends to

uap € B(G™, H). Moreover, § and x induce coactions C*(G*) 2 91 and C*(H™) ™ B, or

equivalently actionﬁ\of the compact abelian groups 550 ar%vb A and Heb N B (by Proposi-
tion I1.4.3), where G#> = Hom(G, T') and Heb = Hom(#,T). Analogously to Proposition 11.7.4,
one gets
(2g)o @ (B)o = (Agar)oo © (Bygav )oo

where 2(g and Agas are the same C*-algebra 2 graded respectively by G (where (2(g), := {a €
2A: §(a) = a®u,} for each g € G) and G** (where (Ugw), := {a € A: a’*(a) = o(g)a, o € GP}
for each g € G*), and similarly for B and By.. For a reference, see Section 6.2 in [57],
p. 32. As examples, if G = &,, H = &,, are the symmetric groups over m and n elements
respectively (m,n > 2), then G** = H*™ = 7, and u € B(&,,,S,,) descends to either the trivial
or the Fermi bicharacter of Zy, i.e. either u,, = 1 (in which case, there is no twist in the tensor
product) or uu,(z,y) = (—1)™, x,y € Zy (a twisted case, thoroughly studied in [49], [17] and
[31]). Analogously, if G = H = Qs = {1, £i, +j, £k} is the (multiplicative) quaternion group,
G = H*™ =2 K, = 7y x Zy (the Klein 4-group), so that u € B(Qs) descends to a bicharacter
Uab, € B(Ky) = My(Zy). We shall extensively use a bicharacter u € B(K4) in the next chapter
(see Section I11.5) to deduce a new De Finetti-like theorem for infinite chains of twisted tensor
products.
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48 CHAPTER II. GRADED C*-ALGEBRAS AND TWISTED TENSOR PRODUCTS

I1.8. Twisted tensor product of representations

So far, we constructed algebraic twisted tensor products of two C*-systems and proved some of
their features. As for non-twisted tensor products of C*-algebras, in order to get a C*-completion
we need to study representations on some (a priori, not necessarily complete) inner product
spaces.

We then fix two C"-systems (A, G, ), (B, H, ) which inherit gradings on % and B, and a
bicharacter u: G x H — T. The aim of the present section is to describe the twisted tensor
product of representations of 2, and B, (both necessarily having images lying in some algebras
of bounded operators, thanks to Proposition I1.5.2), thus obtaining representations of 2, @ B,.
We start with a covariant representation (m, #H,,U), where (7, H,) is a representation of 2,
and G 3 g — U(g) € U(H) is a unitary representation of G which implements the action of G
on A,:

Ulg)n(a)U(g)" =7(oy(a)), g€G, ac,.

At this stage, no continuity condition is assumed on the representation U: G — U(H).”
If (p,H,) is any representation of B, for any a € 2, and homogeneous b € B,, we set

(0 @ p)(a ©b) := m(a)U(gas) @ p(b),
with ggp, € G uniquely determined by (I1.13)

o(ga) :=u(o,0b), o€ q.

Proposition 11.8.1
The map in (I1.13) uniquely extends by linearity to the whole 2, ® B, defining a representation
(denoted by the same symbols) (7y @ p, Hx ® H,) of the involutive algebra 2, @ B,.

Proof.
Let a,A € A, (a homogeneous) and b, B € B, (b homogeneous). Since 7(a)U(gsp) =

da(gan)U(gap)m(a), we get

m@p)[(a@b)*]=u<a,b>w<a*>U<gab*>®p<b> << b)U(g@w (a) @ p(b))" =
= (9algan) U (gav)m(a) @ p(b))" = ((a)U(gan) @ p(b))* = (71 @ p)(a @ b)*

(mv @ p)[(A@ b)(a @ B)] = ula, b)w(Aa)U(gops)) © p(bB) =
= u(a, b)m(A)m(a)U(gan)U(g05) @ p(b)p(B) =
= da(gap)m(A)7(a)U(ga6)U(gon) @ p(b)p(B) =
= 1(A)U(gan)m(a)U(gon) ® p(b)p(B) = (1 @ p)(A @ b)(my @ p)(a @ B)

We are left to check that (I1.13) is a well-defined map between 2(, ® B, (isomorphic to 2, @ B,
and 2, ® B, as linear spaces) and l’)’(’;’-[7r ® ’Hp). Since A, ® B, = 4—T€ﬁ2lo ® B, it is enough

to prove the assertion on each direct summand. But, for 7 € 2] , all maps
Ao @B 2a@b— (r(a) ®p(b)(U(g:) ® In,) € B(Hr ®H,)

are manifestly well defined. [J

?Here, it would be enough to assume covariance only for the subgroup generated by {g,: 7 € spec,(8)} C G
where g, is determined in the forthcoming (I1.13).
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Equally well, one can start with a representation (7, H,) of 2, and a covariant representation
(p,H,,V) of B,. For a € A, homogeneous and any b € B, define

(r @ vp)(@®b) = w(a) & V(suh)o(0)
with g,h € H uniquely determined by (I1.14)

Xoun(7) :=u(da,7), TEH.

It is easy to check that also (I1.14) defines a representation (7 @ yp, Hr ® H,) of the involutive
algebra 2, @ B,.

Remark I1.8.2 R
A unitary representation G 3 g — U, € H(U) induces a G-grading on H provided by the
(closed) spectral subspaces

Mo ={S €M: U = 0(9)¢, 9 € G} = [ kex(Uy — o(g)]).
geG
Observe that H, = HE = {¢ € H: U=¢ 9geGh= ﬂ ker(U, — I), H, L H, for every pair
geG
of distinct 0,7 € G and H, := = spanc{H,: 0 € G} is a dense pre-Hilbert subspace of . If
the representation U is strongly continuous, the G- grading on H induces a G- grading on the
compact operators K(H) by (ady, )geq satisfying

I(AL) = 0(A)I(¢)
for every homogeneous compact operator A € K(#H) and homogeneous vector £ € H. In
general, the adjoint action of a strongly continuous unitary representation is not pointwise
norm-continuous on the whole B(H).
Lastly, if (H, (Uy)gec) and (K, (Vi)nen) are two Hilbert spaces, respectively graded by G and
H then their tensor product Hilbert space H ® K inherits a natural (G x H )-grading given by
the unitary representation (U, ® V4,)(gnyeaxn of G x H.

I1.9. Product states and their GNS representations

In order to exhibit a genuine twisted C*-tensor product, we need to complete 2, @ B, w.r.t.

some C*-norm, which in general is not unique, as in the non-twisted case. As in [17], [31], the
starting point is a detailed investigation of product states.
Given two linear spaces X and Y and linear functionals f € X’ and g € Y, f ® g given by

(f®g)<zakz®bk>- Zfak bk Zak@kaXQY
k

is the product functional of f and g, provided it is well defined. Suppose now X =2, Y = B are
two C*-algebras and f = w, g = ¢ two positive functionals, then belonging to the corresponding
topological duals 2" and B*. The product functional of w and ¢ will be denoted by w X ¢ and
Y, when it is considered on the involutive algebras 21, @ B, and 2, ® B, respectively.

We immediately deduce that w® ¢ is certainly well defined because it coincides with the product
functional 1,,,. Such a product functional is also positive when considered even on the whole
involutive algebra 2 ® B. Instead, on %A, @ *B,, the product functional w x ¢ is always well
defined, but possibly not positive. We directly show that the positivity of the product functional
w X ¢ is guaranteed whenever either w or ¢ is invariant under the group action. *

3Notice that this result can also be deduced from the discussion in Section IT.8 by constructing the twisted
product of the GNS representations according to (I1.13) or (I1.14).
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Proposition 11.9.1
For the product functional w X ¢, w € S(A) and ¢ € S(B), suppose that at least one of them
is invariant (i.e. either w € Sg(2A) or ¢ € Sy(B)). Then, w X ¢ is a state on A, @ B, in which
case

(W x ) (@) < (W x p)(*2)?, z€A,@B,.

Proof.
First of all, observe that for every a = Za(, eA,, b= Z b, €8, A= ZAS e, BeB,

(@a@b)(A®B) =Y u(os!,7)(a, ©b,)" - (A, © B)

0,8, T

_Z<Z aTaJQb)T-(Zu(S,T)A5®B>
:Z a, ! (a) ® b, -(Ozg_Tl(A)@B)

where we have used the fact that, for each fixed o € G ,T € o ,

u(o,7)ay = o(gr)ar = a,(a,).

At this point, to achieve the positivity of w x ¢, we shall show that

(w X @)(x*x) = ¢w7<,0(33T : :E) >0

for every x € A, @ B,, whenever either w € Sg(A) or ¢ € Sy (B). By Proposition 11.7.5, it is
enough to consider the former case.
By G-invariance of w,

(@ x ) ((a®b)*(A® B)) wa @ b,)" (0,1(4) © B))

=Y Wupl(@a®b) - (A0 B)) =t u((a@b) - (A0 B)),

and thus for every finite linear combination z := Z a® @b o® e, bF e B, we get
k=1

w N (a® @ p®
Lol ,;1%“’( ) (@ 080) (IL.15)
=y (xT . x) >0.

The proof follows since the inequality in the statement is nothing but the Cauchy-Bunyakovsky-
Schwarz inequality. []

Remark 11.9.2
An equality in the proof of the assertion above in the special case G = H = Z, given in [17] (p.
18), may not hold. Precisely, let w € Sz, (), ¢ € S(B). Then, in general, if z,y € A ® B,

(w x @) ()" (yz)) = Yup((y2)" - (y2)) # Yoy - =) (y - z)).

For instance, let 2 := C(T) = C*(u: u unitary), B := C(T) = C*(v: v unitary), both equipped
with the involutive automorphism

O: f = [z f(=2)]
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Then, 2 = [2**: k € Z] @ [2**™: k € Z]. Let w € Sz,(A) be the unique state on A s.t. w(z?*) =

J/
-~ -~

9[0 Qll
Lw*N)=0,keZ Ifr=y=(1+u)® (1+v), we have

You((22)' (22)) # You((@ - 2) - (2 2)).

Indeed,

1
(w2)t - (zx) = 3 (P (WML ) © (0L 4 o)
7,h,7",h'=0

and thus
1

Youl(@n) - () = 3 (=T O ML+ uP)w(e? 1+ o)
j7h’j/,h/:0

Now, |1+ ul* =2 +u + 7, thus w(|1 + ul?) = w(u|l + u|?) = w(@|1 + ul*) = 2. It follows that

1

Yow((zz)' - (zz)) =4 Y (=1 =42 —6) = 40

Jish,g’ k=0
On the other hand,

1

Youl(@-2)T - (z-2)) =4 Y 1=4.2"=64.

Joh,j" k=0

In conclusion, ¥, ((z2)" - (22)) # You((z - 2)" - (z - 2)).
Notice that, by looking at (I1.15), we have incidentally proved the following crucial

Proposition 11.9.3
The set of the invariant product states {w X ¢: w € Se(A), ¢ € Sy(B)} separates the points
of A, @ B,.

Proof.

We start by noticing that, by point (iii) of Theorem IV.4.9 in [104] (p. 208), if (7, H) and (o, K)
are two faithful representations of 2 and 2B respectively, then the algebraic tensor product map
T ® o extends to a faithful representation of 2 ®,;n B on the Hilbert space H ® K. It follows
that, given a non-zero x € A @i, B, there must exist a normalized elementary tensor vector
£E®n € H®K (depending on z) such that

[rea@Een| ={(reo@ntencon) >0.

In other words, for a fixed A ®min B > = # 0, there exists a product state weg, = Ve wy SUCH
that U.)g@n(l’T -x) > 0. In addition, since the expectations Fg : 2 — A% and Ey : A — A7 are
faithful, B¢ @ Fy : A Qmin B — A® @min B is also faithful (see Corollary at the end of the
Appendix in [4], p. 434).

Collecting all things together, for such a fixed x € 2, @ B, (the latter being linearly isomorphic
to A, ® B,),

((wf o Eg) x (wyo EH)> (z*z) = ¢W§OEG7w7,OEH(xT 1) = Y, (Be ® Ey)(zt- z))>0. O
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If w and ¢ are invariant states on 2, and B, (which are in 1-1 bijection with invariant states
on 2 and B, respectively), we can look at the corresponding GNS covariant representations
(T, Huy Us, &) and (my, Hy, Uy, &y), and build the representations (I1.13) and (I1.14). In
addition, both of them are equipped with the cyclic vector &, ® {,. It is now straightforward to
check that both the representations realize a GNS representation of the product state w x ¢.
We summarize the property of the GNS representation of product states in the following

Theorem I11.9.4

Let (7, Ha, Vi, &) and (7, He, Vi, &) the GNS representations of the invariant states w €
Sc(2l) and ¢ € Sy (*B), respectively.

The GNS representation (Huxep, Twxe, Ewxy) of Ay @ B, relative to the product state w x ¢
is given (up to unitary equivalence) by (H, ® Hy, 7, @ 7y, & @ &,) with 7, @ 7, one of the
representations in (I1.13), (I1.14).

I1.10. On representations of the twisted tensor product

We have already seen that the class of representations of the involutive algebra 2, @ B, is
rich enough, as it contains the GNS representations of product states consisting of invariant
ones (cf. Theorem I1.9.4). Furthermore, this class of states is separating for 2, @ B, (cf.
Proposition 11.9.3). On the other hand, on a general *-algebra, the GNS construction induced
by positive functionals may well produce unbounded operators defined on a common core (see
e.g. [17], Theorem 3.2, p. 7).- We start with showing that this is not the case for 2, @ B,, with
a technique similar to the one used in the proof of Proposition I1.5.2 for the single marginal
algebras 2, and ‘B,.

Recall that Z(Qlo @ %0)2 is the cone generated by the positive elements z*z of A, @ B,:

n

> (@ B,)” = {Zz;‘zi: z €Uy @ By, n > 1} C A @B,

=1

Evidently, Z(i’la @ B,)? is convex (or, equivalently, closed under addition), hence it induces a
partial order on 2, @ ‘B, as usual: for s,t € A, @*B,, we write s <g tift —s € Z(Qlo @ %0)2.
Moreover, Z(Qlo @ B,)? is a quadratic module of A, @ B,, that is 1oy @ Ly € Z(Qlo @ B,)*
and z*sz € Z(Qlo @ B,)? for every s € Z(Qlo @ B,)? and = € A, @ B,,.

The following result shows a crucial property of this quadratic module, analogue to the one in
the usual non-twisted setting (see [24], Lemma 2.1 (ii), p. 7).

Proposition I11.10.1 (Lance-Effros inequality for twisted tensor products)
The quadratic module Z(Qlo @ B,)? is Archimedean, that is for each y € 2, @ B,, there exists
a positive constant C, > 0 (only depending on y) such that y*y <@ C,(1y @ Ly).

Proof.
Let y := Z a® @b e A, @ B,, with al) = Z a((f) e A, bl = Z b(f) € B, (where S; C @,

=1 O'Esi TET;

T, C I are the finite supports of a” and b respectively). Then, once set S := U S; and
i=1
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n
T .= UTZ" we can write

=1
Yy = Z Z O‘gT a*a")) @ b@*p9) Z Z ofl ) @ bl *b(ﬂ
i,0=1T1€T; T,teT 1,5=1

where we used Pontryagin duality to locate the unique element g, € G such that u(-,7) = x,, €

—~
—~

G.
Our aim now is to define a positive Y € 2, @ B, such that
Y'Yy <o yy+Y <g Cy(la @ 1y),

for a suitable C, > 0. To accomplish that, we totally order the finite sets S C @, TcH by

T
binary relations <g and =<, respectively. For each of the <| 5 |> pairs (1,t) € T xT s.t. 7 <p t,

let Z,, = Za(z bt ()) Then,

2oy = Z 01 (@) @ KB — 3 ag (aP*a) @ BB

1,j=1 i,5=1
© 3 0 (@) @B + Y ozl (@a0) @ b
3,j=1 4,j=1
whence y*y + Z 75Dy = = |T| Z Z a )% (] ) @ b(z *b(J
Tt 7T i,j=1

S
Similarly, once fixed 7 € T, for each of the <|2|> pairs (0,s) € S x S such that o <g s, let

W) .= Z(a((f) —a") @ bW, Then,

0,8
i=1

ch?*ch? — Z a;! (agi)*agj) + a®@*qU) — qDql) — D*aD) ) @ b pY)
ij=1

nd yy 3 222+ (TS S0 WEPWE) = [S|T1 V)Y where Vo = 3 a0
=1

T<7t T7€T 0<g8 oeS
\ 4 T€T

=Y
Therefore, y*y + Y is positive not only as an element of 2, @ B,, but also as one of A ® B.

This fact allows us to exploit the polarization identity for every pair (o,7) € S x T to write

1 .
ViV, = 1 Z( (@D%q0) 4 gl gl )@(b( ) +b3)*b’)

1,j=1

:ZAijEQ[sa _'Blje%sa
+i(aP*a®) — aD"aV)) @ i(bD*p9) — pW Py =
:;A;jv@lgl =:B§T€%£€

Z (Aij+ — Aij—) @ Bij + (A, — Aj; ) @ By,

1,j=1

N
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X||£X
where X = % €AY (for X = Ay, Aj;) are positive elements in 2.

Here comes the crucial point: since Ay, [|Ajj+|| — Ay € A€ are positive in 21, they both admit
square roots \/A;; +, \/HAwiH — A e C (A1) C 2. Analogously, since B;; is selfadjoint,
| Bij|| — Bij € B is positive in B and /|| By;|| — By € 8. On the one hand, it follows that

(”Aij,JrH - Aij,+) @ B;; =
- <\/”Aij7+” ~Aur © \/B_”> (\/HAz’j,+H — Aij+ @ \/B_m> >a 0

and similarly A;; + @ (|| B;;|| — Bij) >@ 0, whence

Aij+ @ Bij <@l Aij 1 I Bijll (T @ 1) <@ [|Ai; ||| Bij || (1o @ 1sg)
<o4a@ la (169169 (Ly @ L) -

On the other hand,

—Aij— @ By = —(\/Aij—- @ /Bi)" (\/Aij—- @ /Bij) <@ 0.

In the very same way, Aj; , @ Bj; <q 4@ (|| (16911697 (1g @ 1gs) and —Aj;_@Bj; <@ 0.
All things considered,

1 n
Vie Vor So7 2 1A5lllBy | + 1145111155

ij=1

n 2
<o? (ZHaS)HHb@H) (2 @ 1)
=1

" 2
and 'y <@ ¥y +Y <o 2[5||T| Z (Z Ha?“”b@”) (Iy @ 1). We conclude that the
ceS \i=1

TET

(.

—C,

quadratic module Z(Qlo @ B,)? is Archimedean. []

Thanks to the previous theorem the involutive algebra 2A, @ B, is (algebraically) bounded,
as defined in Section I1.3, and all its representations consist of bounded operators on Hilbert
spaces (see Lemma 11.3.1).

Whenever we have a C*-norm || ||, on the twisted tensor product 2, @ B,, simply denoted
by ~, we write (with an abuse of notation motivated by the forthcoming Proposition I1.11.5)
2A @, B for its completion w.r.t. 7.

Since the actions of G and H on 2 and B easily extend by linearity on the twisted tensor
product to an action of G x H defined on generators by

(ag X Bp)(a®b) :=ay(a) ® Bp(b), acA, beB, geG, he H,

a crucial question is whether this action extends to the completion 2 @, B w.r.t. a fixed norm
~. Another question concerns the cross property of a given norm.

4Notice that Aij, Ay, Bij, Bj; clearly depend on the choice of the pair (o, 7) but we do not explicit this

dependence here, to avoid making the notation heavier.
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Definition I1.10.2
Let v be a C*-norm on the twisted tensor product 2, @ B,.

(a) The norm 7 is said to be compatible if all oy X B, g € G and h € H, extend to contractive
maps, and thus to “-automorphisms, on the completion A @, B;

(bg) 7 is said to be sub-cross if

la @bl < lallallblls, €A beBo;

(b) v is said to be cross if
la @ blly = llallal[blls ,

whenever either a € 2, or b € B, is homogeneous.

Remark 11.10.3

Our definition of cross property of a C*-norm follows the one of the non-twisted setting, but
keeps track of the grading structure of the two factors. It looks more restrictive than the one
provided in [19] (Definition 4.2, p. 12), yet all the proofs in there still perfectly work with our
definition. Our strengthening is mainly aimed at guaranteeing the isometric embedding of each
marginal C*-algebra into the completion w.r.t. a cross C*-norm, as Proposition I1.11.5 will
show.

For a compatible norm ~, the action a x 3 extends to an action of the compact group G x H
on A @, B denoted by o @., 8. By following the lines of Proposition I1.5.3, we show that such
an action is actually pointwise norm-continuous.

Proposition 11.10.4
Let v be a compatible C*-norm on A, @ B,. Then, the action a @, B of G x H on A @, B is
pointwise norm-continuous, and thus yielding a C*-system (% W, B,G x H,a @, ﬂ)

Proof.
The same 2¢-argument of Proposition I11.5.3 leads to the assertion. Indeed, fixing ¢ > 0 and
r € AW, B, we find

n
T = Z a; ©®b;, with the a;’s and b;’s homogeneous,
j=1

such that ||z — z.|, <e. We then get

(@ @y B) gy (@) = x|l < 22+ ) |0a;(g)db;(h) — 1 [la; © by -

j=1
Taking the lim-sup for ¢ — ez and h — ey on both members, we get

limsup |[(a @y B)gn(x) — zll, < 2e,
(g,h)— (e en)

since, for j =1,...,n,

limsup  (Xaa, (9)Xop; (h)) = lim Xaq,(g) lim xap,(h) =1,
g—eq h—}eH

(9:h)=(ecxem)

and the proof follows as € > 0 is arbitrary. [
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26 CHAPTER II. GRADED C*-ALGEBRAS AND TWISTED TENSOR PRODUCTS

Now, let S(2, @ B,) be the family of all positive, unital, linear forms on 2, @ B, that is, under
the notation in Section I1.10,

S, @B,) ={f €A @B,): flyens, >0, f(la@1Ly) =1} .

Notice that (the restriction of) the transpose map " of each *-automorphism & of 2, @ B,
induces a map

S, @ B,) O S = 6(S) € S(A, @ B,)

sending separating families to separating families.

By [17], each f € S(A,@*B,) generates a (unique, up to unitary equivalence) cyclic representation
(Dy, g0, &) of the involutive algebra A, @ B, which, by Lemma II.3.1, must consist of bounded
operators. By setting H; := D_f and 7y 1= Ts,, we get the usual GNS triplet (Hs, 7, &f)
associated to f. Notice that ker(n;) C ny C A, @ B,. It follows that, for every non-empty
subfamily S C S(, @ B,),

ps(-) == sup ||7; ()l B2
fes

defines a C*-seminorm on 2, @ B, where, for every y € 2, @ B,, the supremum is bounded by
\/ﬁy found in the proof of Proposition I1.10.1. If S € S(A, @ B,) is a separating family, then
ps is a C*-norm.

Conversely, every C*-norm on 2, @ B, is determined by some separating family of states
ScC SR, »B,).

The situation, which takes into account the case of compatible norms as well, is summarized in
the following

Theorem I1.10.5
Every separating family of states S C S(2(, @ B,) determines a C*-norm g on A, @ B,. If in
addition (a, x 33)"(S) = S for each g € G and h € H, then g is compatible. Conversely, there
exist two injections

G:={y:v C*normon A, @ B,} — {S C SA, @ B,): S convex, separating},
G. := {~: v compatible C*-norm on A,@B,} — {S C Saxu(A,@B,): S convex, separating} .

Proof.

We have already seen that any separating class S C S(, @ B,) provides a C*-norm g of
A, @ B,. Suppose now that S is globally invariant under o, x ), for each g € G and h € H.
Thanks to the compatibility of vg, we get

I(ag x B)(2)lrs =sup ||y o (g x Ba)()) || = sup |[7(a, sy ()]
fes fes

= swp |lmp(@)|| = sup |7y (@)]| = |zl (z € Yo @ Bo, g € G, h € H).
fe€(agxBn)t(S) fes

Concerning the converse part, for each v € G, we put €, := 2 @, B. The injection is given by
G317 =5, :=38(¢)|wes, CSE®@B,)

Such a map is well defined since S(€,) is convex and separating for €., so is S,. Moreover, it is
injective: if v1, 7, € G are such that S,, s, @n, = Sy, |2,@3, then, by faithfulness of the universal

GNS representation @ T of €,, v € g, for every z € %A, @ B, we get

fes(ey)
[zl = sup |[[75(2)]| = sup [[mp(z)]
fes(ey,) €Sy
= sup |[7p(2)]| = sup |7(2)] = [z,

€Sy, fes(€,y)
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since for every f € S(&,), 75, — Tla,@%,, ¥ €G-

For the last part, we suppose that v € G.. This means that the product action a x 8 of G x H
on A, @ B, extends to an action, denoted by a @, 3, on the whole A @, B which leads to the
C*-system (A @, B,G x H,a @, () as stated in Proposition 11.10.4. We note that the G x H-
invariant states Sgyxp (A @, B) separate the points. With Sgxmy) = Saxu (A @y B)|a,@s,
such a class of states determines the same norm as v on 2, @ B,:

, xeA,wB,.

HxHW B HxH’YS(GxH,'V)

The proof ends as the map G. > v — Sgxn,y) is the injection we are searching for. [

I1.11. Maximal and minimal twisted C*-tensor products

As for the non-twisted tensor product, we define the maximal (i.e. universal) and the minimal
(i.e. spatial) C*-norms. Indeed, for z € A, @ B,

[2]|max := sup {[|7(x)[|: 7 € Rep(A @ Bo)} .
2] min 2= sup {[|Txe (@) : w € Sa(W), @ € Su(B)}.

Obviously, || ||min < || [lmax &s already happens in the usual case.

Remark I1.11.1
It is possible to express the completions w.r.t. such norms in a simple way by using the
associated representations:

A @pax B = @ m(x):z €A, @B, p,
TERep(Ao@Bo)

A @pin B = @ Tuxp(T): © € A, @ B,
weSq(A)
PESH(B)

Since the greatest norm || ||max arises from the universal representation of 2, @ B,, it is also
called universal. Its universal property is stated in Theorem I1.14.1.

In Section I1.12, we will see that the min-norm is indeed minimal among all the compatible
norms, and in Section [1.15 why it is called spatial.

Proposition 11.11.2
The C*-norms max and min are compatible.

Proof.

Notice that the maximal and the minimal norm are associated to the following classes of states,
the universal one S(2(, @ B,) and the class Sg(A) x Sy (B) made of product states of invariant
ones, respectively. Since both are left globally stable by the transposed action (a x 3)°, the
proof directly follows from Theorem I1.10.5. [J

The extension of the product action of G x H on the previous completions shall be denoted by
Q@ @Wpax B and a @, 5, respectively.

Lemma I1.11.3
The max-norm is sub-cross.
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28 CHAPTER II. GRADED C*-ALGEBRAS AND TWISTED TENSOR PRODUCTS

Proof.

Since the product states w X ¢ (with w € Sg() and ¢ € Sy (B)) extend to states on A @yax B
which are invariant w.r.t. a@maxf, we have Sgx i (A@maxB )|, @14 = Sa(A)]a, and, analogously,
for the restriction to 1y @ B,. We have already noticed that the action av @y 0 is pointwise
norm-continuous, and thus the corresponding invariant states separate the points of A @,., B,
as Sg(A) and Sy (B) do for A and B, respectively. Consequently, for a € 2,

la @ Loslmax = sup I7y(a @ Ly)|| = sup [[mu(a)ll = [/l
1/J€3G>< H (m@max%) UJGSG (91)

and, analogously, |1y @ b||max = ||b||s for b € B,. Therefore, for each a € A, and b € B,

|6 @ bl|lmax = [[(a @ 1) (1o @ D) [max < [|& @ gl mas | Tt @ bllmax = [l [b]]

Remark 11.11.4
Notice that:

(i) exactly the same proof as above allows to conclude that each compatible C*-norm is
sub-cross;

(") (i) can be strengthened by asserting that each C*-norm is sub-cross;

(ii) each representation m of 2, @ B, is separately continuous.

Proof.
For (i), we fix any C*-norm ~ and apply the following Proposition I1.11.5 (the proof of which

relies on the sub-cross property of the max-norm established in the previous lemma), obtaining
for a € A, and b € B,

la @ bll, =l[lea(a)s(b)lly < [lea(a)is(b)]|max
<lea(@)llmax] |18 (0) [lmasx < llallallbl]ss -

For (ii), since 7|y, @14 and 7|1,@s, are representations of 2, and B, respectively, the assertion
follows from Proposition [1.5.3. O

The forthcoming result concerns the extensions of the injections

A, 2a— y(a) =a@ly €eA@, B,
By 3 b (b)) = la@beEA@, B,

where 7 is any C*-norm. In particular, it tells us that, if the norm ~ is cross, A @, B contains
isomorphic copies of 2 and B as desired.

Proposition I1.11.5
For each C*-norm ~ on A, @ B, the maps

s L la) — 2 @, B
a > ty(a) =lim(a, @ 1g), (an), C Ay s.t. lima, =a,

L (B, |ls) =A@, B;
b 15(b) 1= h}ln(]lm @by), (bn)n C B, s.t. liTrln b, =b

are well defined *~-homomorphisms.
If 4 is cross, then ¢ and ¢} are isometric, and thus 2 and 9B are identified with two unital
C*-subalgebras 1 (), 15 (B) of the completion A @, B.
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Proof.
We deal with 19 only, 1 being similar.
We first note that the max-norm is sub-cross (cf. Lemma [1.11.3), and that any norm - is

provided with a set of states S, which separates the points of 2, @ B, (cf. Theorem I1.10.5).

Now, for each a € 2 we choose a sequence (a,), C 2, converging to a: ||a — a,|ls — 0.
We claim that (a, @ 1g), C 2, @, B, is a Cauchy sequence. Indeed, for each representation 7
and n,m € N, we get

|17 (am @ 1) — 7(an @ 1a3)|| =7 ((am — an) @ 1) |

< [[(am = an) @ T |lmax = llam — anla -
In particular,
[(am @ 1g) — (@, @ )|, = ?éla 17f ((am @ 1) — (an, @ 1sg)) ||
< am — anlla -

Define 1y (a) := lim(a, @ 1y). It is a matter of routine to verify firstly that the limit does not

depend on the chosen sequence, and secondly that ¢ results to be a *~homomorphism whose
range is necessarily a C*-subalgebra.
Suppose now that v is a cross norm. Then

lea(@)lly =Tim [la, @ Lg |, = lim({lap f[a][T[ls) = Hm [[an]la = [[a]a-

Therefore, ¢y is isometric, hence it is a *-monomorphism. [J
We now exhibit a simple case for which the min and max C*-norms coincide.

Proposition 11.11.6

Suppose that (2, G,«) and (B, H, §) are ergodic. Then, A @y B admits a faithful state
Wa@mad = Wa X wg. Consequently, A @max B = A @in B.

If in addition w, € Sg(2A) and ws € Sg(B) are tracial states, wam,,,, s is a trace.”

Proof.

We have already seen that, under completion w.r.t. the maximal norm, we get the C*-system
(A @max B, G X H,ox @pax f). Since o and [ are supposed to be ergodic, a @y [ is also
ergodic and thus, as mentioned in Section I1.4, there is a faithful state on A @,., B, which
is the product state w, X wg. It is easy to verify that such a state is a trace if w, and wg are
tracial states. Now, if x € A, @ B, then ||z|min < [|7]|max = HWWQXW(@")H < ||z |lmin- &

At this stage, we immediately prove the following

Proposition 11.11.7
The max-norm and the min-norm are cross C*-norms according to Definition I1.10.2.

Proof.

Take a generic a € ,, and a homogeneous b € 9B,. For every fixed couple of states w € Sg(2A)
and ¢ € Sy(B), we use the representation in (I1.13) to describe the GNS representation
associated to the product state w x ¢. We then get

17w (@) [l (B) | = (7 () U (gan) @ mp (b) || = (|7 (a @ D)
<lla @ bllmin < fla @ bllmax < [lallallbls ,

®Following the notation in [85], such a tracial state is denoted by Ta@,...4-
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60 CHAPTER II. GRADED C*-ALGEBRAS AND TWISTED TENSOR PRODUCTS

where the first equality holds as the norm on B(H, ® H,,) is cross, and the last inequality
follows by Lemma I1.11.3.

Now, by taking into account that the invariant states under G separate the points of 2, and
those invariant under H separate the points of B, after taking the suprema on the left on all
such invariant states, we get

lallallblle < lla @ bllnin < fla @ bllmax < [lallallb]ls ,

and thus all above inequalities are indeed equalities.
Instead, if a is homogeneous, we can use the representation in (I1.14) as GNS of w x ¢ obtaining
the same result. [J

Remark 11.11.8
The same proof tells us that each C*-norm lying between the min-norm and the max-norm is
automatically cross.

I1.12. Minimality of the min-norm

By definition, it is apparent that the maximal C*-norm must be the greatest among all the
C*-norms, in particular among the compatible ones. We will deepen this fact in Section I1.14.
On the contrary, at this stage it is not yet clear whether the minimal C*-norm is indeed minimal
among all the compatible ones. The aim of the present section is to prove this fact. In order to
introduce the necessary notation, we take the chance to give a corrected version and proof of
Proposition 4.10 in [19] (pp. 16-17)°. We start from a preparatory lemma, which is nothing
but an excerpt of the proof of Lemma IV.4.18 in [104] (p. 215): we shall provide it here below,
for the convenience of the reader. As a premise, let U(2() be the unitary group of A. It is
a norm-closed subgroup of the general linear group GL(2) of 2 consisting of its invertible
elements and GL() = U(A)GLy(A), GLy(A) being the principal component (the connected
component containing 1y). U(2) acts on the weakly-* compact, convex family of states S(2)
by affine homeomorphisms via the adjoint action:

ad: U(A) — Homeo(S()
U we wy, = wu® - u)]

In particular, the family of pure states P(2() C S(2) is ad-invariant. In presence of two
C*-algebras, 2 and B, we canonically get an action of the direct product group U(2A) x U(*B)
on S(A) x S(B):

ad x ad: U(A) x U(B) — Homeo(S(A) x S(*B))

(u,v) = [(w,0) = (wu, )]

Again, P(2) x P(B) C S(A) x S(MB) is (ad x ad)-invariant. Let

PR @P(B) = {Yup: (w,0) € P(A) x P(B)}
where 1), ,: A®B — C is the (positive) product functional of w and ¢ on A B. The following

lemma shows that P(2) ® P(B) is minimal (w.r.t. the inclusion) among all the separating,
invariant, weakly-* closed families of states on the *-algebra 2 ® B.

That proposition in [19] relies on Lemma 4.9 (p. 16) which turns out to be wrong, as we will show in the
forthcoming Section I1.13.
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Lemma I1.12.1 (Takesaki)
Let 24, B two unital C*-algebras. For every non-empty, (ad x ad)-invariant, (7, X 7+ )-closed
subset S C P(2) ® P(B), there exists a pair of strictly positive a € A, b € B s.t.

a®be St = ﬂ ker (1) -
P, €S

In particular, S is not separating for 2 @i, B.

Proof.

Let S = {(w,¢): Yuy, € S} € PRA) x P(B). Let U C P(A),V C P(B) be non-empty
Ty+-open sets s.t. (U x V)N S = @. In particular, either U C P(2A) or V C P(B). By
(ad x ad)-invariance of S, their orbits under the adjoint action of the unitary groups U(2() and
U(*B) respectively, that is

{OU = ady@(U) ={w(u" - u): we Uuecld(A)}
Oy = ady ) (V) = {p(v" -v): p € Vv €U(DB)},

are non-empty, ad-invariant, 7,+-open sets s.t. (Oy x Oy)NS = &. Therefore, K := Of;, C P(2A)

and L := O}, C P(B) are ad-invariant 7,--closed sets (with either K # @ or L # @) s.t.

S C (K xP(B)) U (P®) x L). In particular, their annihilators (i.e. their orthogonal
complements w.r.t. the dual pairings g« (-, -)o and g+ (-, -)m, respectively)

Kt .= ﬂ ker w
weK

Lt = m ker ¢
peL

are closed two-sided ideals of 2 and B respectively (see Lemma 4.15 in [104], p. 213). Since

either K+ or L is non-zero, we always find a pair of strictly positive elements a € 2, b € B s.t.

Yy p(a ®b) =0 for every (w, ) € S. It follows that S is not separating for A @i, B. O

Consider the completion 2l @, B of /A, @ B, w.r.t. a compatible norm 7. Recall that we have
a C"-system (A @, B,G x H,a @, (). The following proposition asserts that, whenever the
fixed point subalgebra of one of the marginal algebras is abelian, every extremal invariant state
in Eqxp (A @, B) of A@., B must look like an element of E¢(A) x Ex(B) on the algebraic part
2, @ B,. This result corrects Proposition 4.10 in [19].

Proposition 11.12.2
If either A¢ or B is abelian and v is a compatible C*-norm on A, @ B,, then there exists an
injection
T gng(Ql @,y %) — g@(ﬂ) X 5H(%)
V= (Eg(va), By (vs))

where Yy 1= Y|yca1y, (- @ Ly) and Yy = Y|y,eur (1a @ - ). As a consequence, || ||y = || |lmin-

Proof.
Define €, := A @, B. We see at once that €$XH = AC @ BH = ¢ ®- B =AY @i B,
the last equality due to the abelianness (hence, nuclearity) of either A% or BT, Now, if
Y € Eqxn(€,), then ¢Y|ycg . wu is pure. Therefore, by [104], Theorem IV.4.14 (p. 211),
Ylycg, . sr coincides on the involutive algebra A% @ B with the product functional vy ® g,
where

Ua(-) = Y|acaiy (- @ Ly) € P(AY),
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Us(-) = Ylgeun (la @) € P(B7).
In particular, Ef(vy) € Eq(A), Ey(n) € Ex(B) and
Vla,@n, = (¥ 0 Egun) la,am, = (Va0 Ea)la, X (s o En)ls, = Eg(Ya)la, X Ey(Ys)ls,

By density of 2, @ B, in €, r: Egxu(A @, B) = Ec(A) x Ex(B) in the assertion is clearly
injective. Moreover, since also the ergodic invariant states separate the points, we get for
S Qlo @ %ou

lzlly = sup my(2) < sup me @ mo (@) = (1] min -
YEEG H(Qt»y) wela (Ql)
0eEH (B)
We are then left with proving that || |, > || ||min, S0 that || ||, = || ||mn. In view of Proposi-

tion I1.3.2, it suffices to show that the product state w x ¢ is y-bounded on 2, @ B, for any
w e Eq(A), o € Ey(B), so that by Proposition 11.3.2

[ min = sup_lme @7, ()] < | 5
ngc;(Ql)
©EEH(B)

Let us put

Sy ={(w, ) € E(A) X En(B): w x ¢ y-bounded on A, @ B, }, (11.16)
S, ={(@, %) € P(AY) x P(BT): & x & v-bounded on AF @ B} . '

Both S, and S, are non-empty, invariant under the adjoint action of 2 (A%) xU(BM), (e X Tpe )-
closed subsets of £;(A) x Ex(B) and P(AC) x P(BH), respectively. It is also easy to verify
that they are affinely homeomorphic via

Sy 3 (W, ) = (Wao, plwr) € S, ,
S, 2 (Ee(@), Ey(9)) « (@, 9) € 5,.

We want to show that S, = E¢() x Ey(*B), which is then equivalent to show that §7 = P(AY) x
P(B). Suppose by contradiction that S, C Ex(2A) x Ex(B), then S, C P(AC) x P(BH).
By Lemma I1.12.1, there exist strictly positive a € A9, b € B such that a ® b € Sj. This

means that, alsoa ©® b € SVl C EGXH(QLY)L, which is a contradiction, since Egx g (€,) must be
separating. In conclusion, S, = E¢(A) x Ex(B) and || ||y = || |lmin- &

Theorem I1.12.3
The spatial C*-norm is minimal among all the compatible C*-norms on 2, @ B,,.

Proof.

For a compatible norm v on A,@B, and S, in (I1.16), if S, = E¢(A)xE(B), then || [lmin < || ||5-
It is then sufficient to show this equality. Suppose by contradiction that S, C () x Ex(B),
or equivalently, 57 C P(AY) x P(B). By reasoning as in the proof of Theorem IV.4.19 in
[104] (p. 216), we deduce that §7 must coincide with P(2A%) x P(B) and, consequently,
S, =Ec(A) x Eu(B). O
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I1.13. On (non) compatible C*-norms

As we will see in the next chapter, the study of symmetric states acting on the twisted C*-tensor
product of infinitely many copies of a single algebra will need to consider the action of a fixed
group G acting diagonally on the chain (see, for instance, [31]). We take here the occasion to
introduce the starting point of this construction, since it is useful to compare our definition of
compatibility of a C*-norm with the one given in [19].

We start from two C*-systems (2(, G, a) and (B, G, 3) based on the same acting group G, and
build a new one given by (Ql @min B, G, 5(0"5)), where 6% is the diagonal action of G, given
on elementary tensors by

55(10"5)(@ ©b) = ay(a) @ By(b), gE€G a€WU,bEDB,.

This action is perfectly meaningful, as we have seen that the product action of G x G on
A, @B, (and a fortiori its restriction to the diagonal of G x G) always extends to an action
on A @pin B (cf. Proposition 11.10.4 and Proposition I11.11.2) making (Ql @min B, G, (5(0"5)) a
full-fledged C*-system. Definition 4.6 at p. 15 of [19] (where the authors address the special
case G = Zs) calls a C*-norm v compatible if 69 is ~-isometric. At the end of the present
section, we will give an example for which this definition is strictly weaker than ours, namely
a C"-norm which is compatible for the diagonal action of Zs but not for the full action of
the Klein 4-group K4 = Zs X Zo. The existence of such a norm raises the question whether
the min-norm introduced above is actually the smallest among all the C*-norms which are
compatible with the diagonal action only, as affirmed in [19]. It is still unclear to us if this
question can be answered positively or not, but at least we point out the reason why the proof
in [19] (Theorem 4.12, p. 17) is not acceptable. Indeed, it relies on Lemma 4.9 (p. 16)
“If (A, Zag, ), (B, Zs, 5) are two C*-systems, where either 2 or B is abelian, and
Zs 6%> 2A® B is y-isometric for some C*-norm v, then £z, (A ®, B) = &, (A) x E2,(B),

which is definitely wrong (its proof also contains a coarse mistake, when asserting that 2 ® 1y
lies in the center of 2f ® B). We expose here an easy counterexample.’
Consider the Canonical Anticommutation Relations algebra (CAR algebra, for short) on two
generators

CAR({1,2}) :=C" (aj, al

J

a;f = CL;F, {aj7ak} = {a}a;&} = 0, {a},ak} = jk]l; j, k? = ].,2)

The parity automorphism ¢ € Aut (CAR({1,2})) defined on the generators by ¥(a;) := —a;
and 19(&}) = —a} (7 = 1,2) is involutive, hence yielding a Zs-grading on CAR({1,2}). Observe
L0 ] (or also U := {_1 O]) (unitary, selfadjoint element of My(C)), then

0 -1 0 1
a b})_ a —b}
c dl) |—-c d

([t &)=

is an involutive *-automorphism of My(C). Therefore, (My(C) ® M3(C), a0 ® «) is a Zo-graded
C*-algebra and

that if U := [

®: CAR({1,2}) — M>(C) ® M,(C)

01
aj +—» |:0 O:|®IQ

01
CLQ)—)]2®|:0 0j|

"This example was introduced in [1] for the investigation of the entanglement phenomenon in Fermi models.

It was studied in a more detailed form in Section 11 of [31] to show that some crucial computations in [20] (even
published much later than [31]) unfortunately contain fatal mistakes as well.
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is a grading-equivariant *-isomorphism: ® o = (a ® a) o ®. Let

(5= a1 +al, S :=ay+al e CAR({1,2})_

1 1 -
= ;_S, q:= Ts = pq = 0 (mutually orthogonal projections in CAR({1,2}))

1 1 -
= %S, Q= TS = P@Q = 0 (mutually orthogonal projections in CAR({1, 2}))

e /111 1 1711 -1 . . . «
A:=(p,q) = 5l 1 ®12,§ L ® I ) (abelian ¥-invariant C*-subalgebra)

@ 111 11 -1 o
B:=(PQ)=(L® 5l 1 I ® 511 1 (abelian Y-invariant C*-subalgebra)

\

(For a detailed account of this framework, see also Proposition 4.4 in [1], p. 172).
Therefore,
A=A, @A = (p+q) & {p—q = (1) spanc{s}
B=B;®B_.=(P+Q)® (P —Q)= (1) ®spanc{S}
In particular, J| 4 and ¥|g are ergodic so Sy(A) = Ey(A) = {tra} and Sy(B) = Ey(B) = {trp}
where
tra: 1 =1, s—0, trg: T—1, S—0

are the tracial states (normalized traces) of A and B, respectively. Observe that tr(p) =

tra(q) = trg(P) = trg(Q) = 1/2.
On the other hand, ({(A, B),¥|(4,)) is a Zy-graded, non-abelian, four-dimensional C*-subalgebra
of CAR({1,2}), isomorphic to (A, J|4) ® (B,9|). Its spectral decomposition is

(A, B) = (A, B), & (A, B)_ = (1,sS) ®spanc{s, S}
2 LEO L[ O9) ®spanc {14 @ L LO[24]} .

In particular, ¥| 4 5y is not ergodic and the mapping

(A, B), — C?
1—-isS 1—22up, P
€= ——0— = 2[ ]»—>(1,0)
0y ]l+2235 _ ]l+2;[ , P o (0.1)

is a *-isomorphism of C*-algebras. Therefore, £y((A, B)) = {e] o Ey,e50 EL} = Qcgere0}) © By
and

So((A,B)) = co(Ey((A,B))) = {(Ae] + (1 = N)e3) o B2 A € [0,1]}

We can also view e}, e} as pure states of (A, B), (equivalently, characters or irreducible
representations of (A, B),). Observe that tra x trg € Sy((A, B)) is not ergodic for this action.
Precisely, it is the midpoint of the two extremal invariant states:

GTOE++€§OE+
2

In conclusion, Ey((A,V|4) ® (B,V|5)) = Es((A, B)) 2 Ey(A) x Ey(B): Lemma 4.9 in [19] is false.
At this point, we take advantage of an example given by Wassermann in an addendum at the
end of [79], p. 69, in order to provide

try X trpg =
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e an example of non-compatible C*-norm, according to our definition

e an example of C*-norm which is compatible according to the definition in [19], but not to
ours

We start with Wassermann’s example.

Theorem I1.13.1 (Wassermann, [79])
Let 2 be a non-nuclear C*-algebra and ¥ € Aut(2 @ 2() the flip automorphism

¥(a,b) :=(b,a), a,beA.

Then, there exists a (necessarily non-nuclear) C*-algebra 8 and a C*-norm || ||, on the involutive
algebra (A @ 2) ® B such that ¥ ® idg € Aut((A P A) ® B) is not || ||,-continuous.

Proof.

If the unique possible C*-norm on 2 ® B was the spatial one || || for every C*-algebra B,
then the C*-algebra 20 would be nuclear (see Theorem 3.8.7 in [88], p. 104). Therefore, there
must exist a C*-algebra 28, necessarily non-nuclear, for which 2l ® 28 admits a C*-norm ~ which
is not equivalent to || Hmm (i.e. || [[min < I |l45 but || ||min # || ||4). Consider the completion

A®, B of AR B w.r.t. vand the C*-algebra € := (AR, B) & (A Omin B) endowed with the
direct sum C*-norm ||(z,y)|le = |||y V [|y|/min. Then, the involutive algebra (A® B) G (AR B)
is evidently dense in € w.r.t. || ||a.

On the other hand, the right factoring-out map R given in (II.1) is also a *-isomorphism of
involutive algebras. Then, the pushforward norm || - ||, := || R~"(-)||e is a well defined C*-norm
on (A& A) ® B, the completion of which is denoted by (A& A) ®, B. By construction, R
isometrically extends to a *-isomorphism (&, | |ls) = (ABA)®,B, || ||,) of C*-algebras. With
Y € Aut(2A @ ) the flip automorphism, we have

H(ﬁ@id%)(i(o a;) ®b) ial, ©b;

:HRl<i(ai,0 ) (2?: ®bl,0> 69:

i=1

i a; & bz
=1 Y

On the other hand,

m

Z(O, ai) X b

i=1

m

Zal®bl

=1

min
Summarising, with

m m

:E::Zai®bi€9l®%, ?J::Z(O’ai)@)bie(m@%)@%’

=1 =1

we have proved that
10 @idw) W), = Nzl [lyll, = l/lmn - (IL.17)

By contradiction, suppose that ¥ ® idg is || ||,-continuous. For each z € A ® B, by (11.17) we
get
[ ]lmin < [z]ly = [[(? @ ids) (W), < [yll, = [12]lmin

that is ||2||min = ||%]|,: a contradiction. [J
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We now explain why the previous result implies that non-compatible C*-norms on 2, @ B, may
well exist in our setting. Indeed, for 2 and B as above, it is enough to consider the twisted
product (A @A) @ B where, on A D A the acting group is G = Z, via the flip oy := ¥, whereas
on B any compact abelian group H is acting through the trivial action f), := idg (h € H).
Lastly, one can choose any bicharacter on Z; x H = Loy X H. Since in such a situation we
have (A B A) @B = (AP A) ® B, we conclude that the former admits a non-compatible norm.
For an explicit example of the previous theorem, take the non-nuclear C*-algebra 2 := B(£?).
By Junge-Pisier theorem (see Theorem 13.5.1 in [88], p. 388), B := B(¢?) is s.t. || - |lmax.e iS
inequivalent to || - ||min,e on A® B. Since || - |4 in the previous theorem coincides with || - ||max,e
on (B(£?) @umax B(1?)) ® (B(#*) @min B(E?)), | - |, = || (-) lmax.® is an incompatible C*-norm
on (B(£*) ® B(¢*),9) @ (B(¢*), H, B).

Suitably modifying Wassermann’s example, it might also be shown that there are norms which
are compatible with the diagonal action (provided G = H) but not with the full action of G x G.
This means that our definition of compatible norm is indeed different from the one originally
given in [19] for G = H = Z,.

Indeed, with the same notation as in Theorem I1.13.1, let

Ci=(AR,B) D (ADmin B) B (A Qmin B) & (AR, B).
Then, the following combination of the factoring-out mappings (cf. (II.1))
4
LIROR): PRARB) - (AA) @ (B0 B),
k=1

induces a C*-norm p on (AP A) @ (B @ B) for which Yyey ® Vpem is isometric, but Jyay ®
idges and idygy ® Yses are not. In other words, p is compatible with the diagonal action

Zs A 222 © B2 but not with the full action Ky = 7o X 7o A 992 ® B, The respective
fixed point subalgebras are

(A2 @ B%92)%2 = spanc{(a,a)® (b,b): a € A, b € B} ®spanc{(a, —a)® (b, —b): a € A, b € B},

(AP @ BP) K = spanc{(a,a) @ (b,b): a € A b € B}.

I1.14. Characterizations of the max-norm

We begin this section with the following pivotal result: the universal property of the max-norm.

Theorem 11.14.1
Let (2, G, ), i = 1,2, be C*-systems with G; compact and abelian, and 8 an arbitrary unital
C*-algebra. If the unital *-homomorphisms

oA =B, i=1,2,
satisfy the commutation relation
T1(a1)ma(as) = ular, as)me(az)m(ar)

for a; € 2y, ay € Ay both homogeneous, then there exists a unique *-homomorphism 7 : 2y @,y
Ay — B such that

(a1 ® ag) = m(ar)me(az), a; € (Ai)o, 1 =1,2. (I1.18)
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Moreover, W(Qll @ max 2[2) is the C*-subalgebra of B generated by m;(2l1) and w5 (2s).
Let Gy =G =Gy and G 3 g — [, € Aut(®B) an action of G on B such that

Wio(ai)gzﬁgo’/rh gGG,i:1,2,
then mo (0 @max a2)y = fgom, g € G.

Proof.

The map (a1, as) € (A1), X (Az), — m1(a1)m(az) € B is bilinear. Therefore, by the universal
property of the tensor product (2;), ® (2s), (coinciding with (), @ (Us), as a linear space),
there is a unique linear map 7, : (1), @ (Az), — B such that

To(a1 @ ag) = m1(ar)me(az), a; € (i), 1 =1,2.

It is easy to see that 7, is a *-homomorphism.

After taking a faithful representation (p, H) of the C*-algebra B, we get that (po m,, H) is a
representation of (20;),® (202), which is bounded under the max-norm. Therefore, it extends to a
representation (7, H) of 2A; @paxAz. Thus 7 : p~ o7 satisfies (I1.18) and is the *-homomorphism
we are searching for. Moreover, W(Qll @ max 2[2) is the C*-subalgebra of 9B generated by 7 (2l;)
and mo(As).

As concerns the last assertion, for ¢ = Z r; @y € (A1) @ (As),, we get
i=1

n

m((an)g x (@)g(€)) = Y m((an)g(w:) @ (@) (1))

= Z m((on)g(wi))ma((Q2)g(y:)) = Y By (2:)) By (ma(y:))

i=1
n

=, Y mitnm)) = ().

Since the max-norm is compatible, we now notice that all maps (a1), X (a2)g, g € G defined on
the algebraic part (), @ (23), extend to *-automorphisms of 2A; @y Az, and the assertion
follows. [J

Now we go ahead with some characterizations of the max-norm which might be interesting in
themselves.

Proposition 11.14.2
For each fixed x € 2, @ *B,, the five subsets of [0, +00)

e Zy(2) = {lle]: || | C*-norm on A, @ B},
o Z(2) = {|lm(z)|: = € Rep(2L, @ B,)}.

e Zis(w) = {|n(a)]}: 7 € Rep(2, ® B,) cyelic},
o Tiy(x) == {|ms(@)l|: £ € 52, @B,)}.

o Ty(2) = {lln;(@)]}: | € Soxn(®e®*B,)}

share the same (finite) least upper bound, which necessarily coincides with ||z||max-
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Proof.

Clearly supZ;r(z) < supZ;r(z). Since a cyclic representation with cyclic unit vector & is
the GNS of the vector state we, Zrrr(x) = Zyy(x). On the other hand, by Zorn Lemma, any
representation is a direct sum of cyclic ones, and then we argue that

||| max = supZyr(z) = supZy(x) = supZpy(z), = €A, @B,.
Theorem 11.10.5 tells us that
supZ;(x) =supZyy(z), x €A, ®*B,.

Now, the max-norm is compatible and the invariant states Sgx g (A @max B) under the action
QO @pax B of G X H on A @ ., B separate the points of A @ . B and, a fortiori, the points of
the algebraic part. Therefore, Sgx g (A @max B) 2,08, = Soxu (Ao @ B,) generates the same
norm as the max-norm. [

Remark 11.14.3
The results of the previous proposition can be summarized as

[ fmax =" sup  [[w()[|=sup [lms()]]
TERep(Ao@B,) fESA,@B,)
(cyclic)
= sup m(O)lf= sup [ [f5-
fe€Saxu(Ro®B,) v C*-norm

11.15. Characterizations of the min-norm

The main aim of the present section is to show the spatiality of the min-norm, well known
for the usual tensor product. In this case, the proof of such a fundamental property is more
involved, as expected. In our framework based on the C*-systems (2, G, «) and (*B, H, 3), we
refer to the definition of twisted tensor product of representations in Section 1.8, as well as the
covariant construction of a representation in (II.3).

The following result, connected to the spatiality of the min-norm, is of relevant interest, due to
its generality.

Proposition 11.15.1
Let (A, G,«a), (B, H, ) be C*-systems with G, H compact abelian groups, and = € Rep(2l),
p € Rep(*B) faithful representations. Then, for each z € 2, @ B,,

175z, @ p) (@)l80t,com, ) = N2 lmin = (7 @ sz ™) (@) B34, 9, )

As a consequence,

(ﬂ-)Cfg @ pH)(Ao @ B,) = A @pin B = (79 @ AQPH)(QLO @ B,) .

Proof.
For fixed A € B(H,c) and B € B(H,u), define

BA) = [Nle DG FB) = [N hBxg(an,
G H
where the integrals are meant in the weak operator topology. First note that E(A) (F(B))

is G (H) invariant. If A (B) is positive and/or trace-class, so is E(A) (F(B)). Define now
S (%) := F(r%) N Se(A) and Sy (p™) := F(p™) NSk (B) (cf. Section 11.4).
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If w € Sg(A) and ¢ € Sy(B), by faithfulness of 7¢ and p’ there exist two nets of states
w, == trHWG(RﬂG(-)) € F(n%) and &, = terH(gﬁpH(-)) € F(p") weakly-* converging to w
and ¢ respectively, with R, € By(H,c) and S, € By (H,u) positive unit-trace operators (see
also [104], Theorem IV.4.9 (iii), p. 208). By Lebesgue Dominated Convergence Theorem,
setting R, := E(R) and S, = F(gn), the nets (w,), C Sg(WG) and (¢,)x C Su(p™), where
w, 1= try g (R7()), ¢ = try (S.p™(-)), still converge to w and ¢, respectively. Notice
that for each pair (1, k), R, ® Sy is a positive unit-trace operator, acting on H,c ® H,n and
reproducing w, X ¢, as a state on the whole B(H,c ® H,r). Furthermore, the product state
w X ¢ is seen at once as the weak-" limit of the net (w, X ¢,),, (see the proof of Proposition
4.5 of [19], p. 13, for further details).

Lastly, since the states of the form try_sewn , (R® S)-) (R € Bi(Hc), S € Bi(H,u) positive,
unit-trace and invariant) separate the points of B(H.c ® H,r), and in particular of both
(ﬂfg @ p™)(A, @ B,) and (79 @ ,\r;{pH)(Qlo @ B,), we can conclude the proof. For each
r €A, ®B,,

[2]lmin = sup [|(mo @ mp)(2)]| =
weS ()
»ESH(B)

= sup |[[(m @ 7y)(2)|| = {
weSH ()
weSu(pf)

(7%, @ p™) (@)l
I @ x,p™) (@)l

and the proof is accomplished. [

Remark 11.15.2

Notice that the proof of the proposition above can be replicated for the twisted tensor product
o= @ p™ or T @ yap for T € Cov(2), p € Rep(B) or 7 € Rep(A), p € Cov(B) respectively,
where all the involved representations are faithful. We then can write

<7TU7’ @ pH)(Q[o @ %0) = @min B = (%G @ Uﬁﬁ)(mo @ %0) .

For a C*-system (with G compact and, in our situation, also abelian) (2, G, «), notice that

@ 7, and < @ 7TW>G acting on @ H,, and @ L*(G,dg; H,,) respectively, are
weSa(A) weS(A) w€eSa(A) weS ()
two useful covariant, faithful representations. Apart from faithfulness, this suggests that
the covariance property is needed only for the construction of the twisted product of such
representations, as it is explained by the following result, which also includes the spatiality of
the min-norm.

Proposition 11.15.3
For each fixed z € 2, @ B, all subsets of [0, +00)

o Ir(z) == {|l(mv @ p)(@)||: (7,U) € Cov(A, G, ), p € Rep(B)},

) = {l[(m @ vp)(2)[|: ™ € Rep(A), (p, V) € Cov(B, H, B)},

) = {l[muxe(@)]|: w € Sa(A), ¢ € S(B)},

Iri(2) = {{|Tuxp(@)]|: w € S(A), ¢ € Su(B)},

o Iiy(z) = {|| (7)., @) (2)]|: w € Sa(A), ¢ € S(B)},
I{’S-z(fv) = {|[ (7o @ v, ) (@)]|: w € S(A), ¢ € Su(DB)}
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share the same (finite) least upper bound, which coincides with

2 |(mu= @ p)(@)|| and [|(T @ vop)(@)]
for any pair of faithful representations m € Cov(2), p € Rep(8) and 7 € Rep(2), p € Cov(‘B).

4 Proof.
We show the equivalence among the left-handed assertions (the equivalence between the right-
s handed assertions being analogous). Once done it, the equivalence between the left and
right-handed assertions is guaranteed, as

L
s supZyy;(z) = sup |[[((7w)v, @ 7p)(@)[| = sup [|((m)v, @ mp)(x)||
weSq(A) weSa ()
©ES(B) vESH(B)
R
= sup |[[(m @ v, (7)) ()] = sup |[[(m @ v, (7)) ()| =sup Ly (z).
wESa(A) weS(A)
PESH(B) pESH(B)

10 Since the product functional of two states w € S(A), ¢ € S(*B) is positive whenever at
least one is invariant (cf. Proposition 11.9.1), say w, it is a matter of routine to check that

v (T)u, @ Ty ~ Tuxg, hence Iy, (x) = Iy (x). Clearly, sup Zr;;(x) < sup Zy (), thus we are just
left to show that sup Zr(z) < sup Zp;(z).

1. Firstly, we shall prove that if (7, U) is a covariant, not necessarily faithful, representation of
(A, G, ) and py, py are two faithful representations of 8 then, on A, @ B,,

16 (70 @ p1) )| Breon,,) = (70 @ p2) () | B3 em,,) - (IL.19)

We are going to use a compression technique via orthogonal projections, as in Proposition 3.3.11
s of [88] (p. 75).

Let (P\)xean C B(H,) be an increasing net of finite-rank projections, with ny := rk(Py) € N,
20 such that Py 1 [;.. From now on, let A € A be fixed. Then, the mapping

-

X = | Xlxp = 1Py @ L34, ) X (P @ B, ) 80300, )

2 defines a C*-seminorm on B(H, ® H,), which is a C*-norm (actually the unique possible one),
when restricted to (Py ® Iy,)B(Hr ® H,)(Py ® Iy,) = M,,(C) ® B(H,).
+ By applying the mapping above to two faithful representations p; of B and to operators

X, = (mv @ p,) < Z a; @ bz-), j = 1,2, with the b;’s homogeneous, we obtain

=1

[N)

N
=

= sup

(7o @ p1) ( az@b>
B(H,@HP ) AEA Z

Z Pyr(a;)U(gaw,) P @ p1(b;)

<7U@pl)<§ai@bi>

= sup
AEA

A7/)1

B(Hr®Hp,)

28 = sup
AEA

B(Hr®@Hp,)

Z Pym(ai)U(gov,) Pr @ pa(b:)

n

(T @P2)<Zai @ bi)

=1

n

(Tv @ Pz)(Zaz’ @) bi)

=1

= sup
AEA

)\7P2 B(Hﬂ@HpQ)

w
[<)

Applying (I1.19) to the special case where (7, U) € Cov(2(, G, ) and p € Rep(B) are faithful,
p1:=p and py := p",

» (v @ p) (s, = (0 @ P)(Mstm,m) = lin
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where the second equality is due to Remark [1.15.2.
This allows us to conclude the proof, by showing that sup Z;(z) < sup Z;;(x). Indeed, consider -
any (m,U) € Cov(,G,a) and p € Rep(B). If we take a pair of faithful representations

7 € Rep(2A) and p € Rep(B), 4
(v @ p) ()
<max {[[(my @ p)()Il, [l(re @ 2O N7 @ p) Ol (7 @ 5T} ‘

= (@ e @i e @, @) e @, o) )
2r @ 7)uag @ (0© 7)) = 1| lnin = supTus (). :

since (1 @ 7%, U @ \J,) € Cov(2A, G, a) and p @ p" € Rep(B) are both faithful. Equality (%) is
justified by a direct computation: with a; € 2, and homogeneous b; € B, 10

(r@ 7 )U@M @ (pp™) (Zaz@b>

wawwm®ﬂm%%m®@@@ﬁwﬂ' .

=1

By passing to the least upper bound on every (m,U) € Cov(2(, G, ) and p € Rep(B), we get 1
sup Zr(z) < supZy(x). O

n

((wU @) ® (10 @) © (75 @ p) ® (75 @ ﬁH)) (2_: a; @ bz)

An immediate consequence of the above result is the following 16

Corollary 11.15.4
Every product state in (Sg(2A) x S(B)) U (S(A) x Sy(B)) on A, @ B, extends to a state on 1
the whole A @,,;, B

I11.16. Isometric extensions 2

This section is devoted to the isometric extensions of

e the right and left factoring-out mappings R and L in (II.1) to both the minimal and 2
maximal twisted C*-completions, using (II.8), (I1.9), (II.10), (IL.11) and (I1.12) to define
the appropriate actions and bicharacters 2

e the algebraic isomorphism Proposition I1.7.4 w.r.t. the minimal C*-completion
Let us start with R and L. 2

Proposition 11.16.1
The factoring-out mappings R and L in (II.1) extend to *-isomorphisms of the following s
C*-algebras:
Ry: (2 @y B) D (A2 @y B) = (2 6 2A2) @, B, &l
L,: (m@v Bi) S (QL@’Y By) — A @, (B ©B,),

where v € {|| |lmin, | ||max}- ;
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Proof.
Let us prove these facts for R, bearing in mind that a similar proof holds for L too. We start
with v = || |lmin, by exploiting Proposition 11.15.3.

Let m, € Rep(Uy), p € Rep(®B) be three faithful representations on H; (k = 1,2) and H,,
respectively. Therefore, the triplet

(n]" © 72, NG, ® NG, Moo B H c2)

defines a faithful covariant representation of (A; @20y, G1 X Ga, a1 & a). By Proposition 11.15.3,
for aj; € (Ax), and homogeneous b;, B; € B,, where i =1,...,m,j =1,...,n, we have

"R(Zal,i@biaza2,j@3j> Zalu ) @b; +ZOCL23 ) @ B,
i—1 =1 1

min ‘

=1 D> (@ (ars) B 0)(AE, © AG,) (8an,) © p(bi)
=1
+ Y (0@ 7% (az,)) (NG, ® NG, (808,) © p(B))
=1 B((HWG:[ @HﬁG2)®Hp)

where, for each homogeneous b € B, goy, € G1 X Gy is uniquely determined by the condition
eVg,, (01,02) = u((01,09),0b), (01,02) € G1 X Go. Notice also that there exists a unique pair
(91,00, g2,00) € G1 X Gy such that evy . (01) = uy(o1,0b) for every oy € G, and €Vgy 0 (02) =
ug (g, 0b) for every oy € CTQ It straightforwardly results that ga, = (91,06, 92.00) € G1 X G for
every homogeneous b € B,,.

Collecting all together and setting H := (/lecl Q@ H,) (waz ®@H,), we get

HR(ZCLU @ b;, ZaQ,j @ Bj) .

H( Ha1,:) G, (91,06,) @ p(bi )) P (Z 79 (a2,1)\G, (92,08, ®P(Bj))

Jj=1

B(H)

m

> w9 (a1 A, (gr.an,) @ plbr)

=1 B(H G ®HP)
™

*(ag,j)AG, (92.08;) @ p(Bj) =
B(H G, ®H,)
2

m

Z ay; @ b;

=1

n

Z a2 ; @ Bj

=1

V

min

that is, R can be isometrically extended to a *-isomorphism of C*-algebras
Ruin: (1 @min B) @ (A2 @min B) — (A1 © Az) @rin B
As concerns ¥ = || ||max, we will make use of Theorem I1.14.1. The *-homomorphisms
Ry, (a1) := R(a; @ 1g,0) = (a1,0) @ 1og, a3 € (A1),

RL%(Z)) = R(]lgll @) b, 0) = (ﬂg{l, 0) @) b, be ‘B,
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satisfy the relation Ry 5(b) Ry, (a1) = ui(as, b) Ry, (a1)R1,5(b) for every homogeneous a; € (1),
b € °B,. Likewise,

Ry, (az) == R(0,a: @ 1) = (0,a2) @ Les, as € (Aa),

Ross(b) := R(0, 19, @b) = (0,19,) @b, b€ B,

satisfy the equality R g (b) Ry, (a2) = us(az,b) Ry, (az)Rexs(b) for every homogeneous as € (sz),,
be B,
By the universal property of the maximal C*-completion, there exist unique *~-homomorphisms
of C*-algebras

Rl,max: Ql1 @max % — (Qll S¥ Q[2) @max %

R2,max: 22'[2 max % — (Qll @ 22[2) @max %

such that Ry max(a1 @b) = Ry, (a1)R1,95(b) = R(a1 @b, 0) and Ra max(a2 @b) = Ry, (a2) Ry (b) =
R(0,ay @ b) for every a; € (201),, as € (As),, b € B,. It follows that Ruyax(z,y) := Rimax(T) +
Ry max(y) for every & € 24 @max B, ¥ € Az @max B is a *~homomorphism, the unique contractive
extension of R to the maximal C*-completions. Precisely,

HR< Zau @ b;, Z@,j @ Bj)
; ‘=

=1

m

Z ay; @ b;

=1

n

Z Az @ Bj

=1

V

max

S ’

max max

for a1; € (24)0, a2 € (A2)o, b, Bj € B,. We are left to show the converse inequality

Z ar; @ b \/ Z az; @ B
i=1 Jj=1

max

max

= sup 7T<Za1,i@bi> @P<ZG2J@BJ'>H
mERep((A1)o@B,) i=1 j=1
pERep((A2)o@B,)
< sup (UOR)<ZG1,i@bi>+(UOR)<ZGQJ@BJ)H
0ERep((A1PA2)o@B,) i=1 j=1

max

= HR( ZCLLZ‘ @ bz‘, Z a2 ; @ BJ>
i=1 j=1

since for a fixed o € Rep((2; ® A2), @ B,), 0 o R|w,).@n, € Rep((Ui)o @ B,), k = 1,2 (not
necessarily in direct sum). The proof is then accomplished. [

Remark 11.16.2
When G, = Gy =: G (H; = Hy =: H) and u; = us =: u, an analogous result can be achieved
by using the diagonal action of G (H), i.e.

(2 @, B) & (A @, B) = (A & A) @, B,
(Ql @’Y ‘Bl) D (Ql @’y %2) = @»y (%1 ) %2)

where v € {|| ||mins || ||max}-

Proof.

By the previous proposition, it suffices to show that (2; &) @gf D= (2 B As) @(Wd) B, where
on the left-hand side 24 ®2l; is acted upon by G x G (via the full action f) whereas on the right-
hand side by G (via the diagonal action d) and w((o1,02),7) := u(o102,7) (01,02 € G, 7 € H).
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Clearly, (2 & 20s), @) B, (21 d Az, @@ B, as involutive algebras, hence their maximal
completions (defined as lower upper bounds on all their respective representations) must coincide.
As concerns their minimal completions, notice that the fixed point algebras (2, @ )¢ and
2 ng)GXG’f are the same, hence

|+ Mmin,r = sup [moxe( = sup  [[Tuxe()[l = [+ [lmina - O
wESGxa(A1BA2) wESG (A1 BA2)
0ESH(B) »ESH (D)

We now pass to the algebraic isomorphism in Proposition I1.7.4.

Proposition 11.16.3
Under the notation introduced before Proposition I1.7.4, for every C*-norm -,
(L)oo @ (Br)oo is 7-dense in (AL), @ (Bg),. In particular,

Q(G @min %H = QlL @min s:BR .

Proof.
Firstly, observe that ()., is dense in (A1), and (Bg),, is dense in (Bg),, for Zai @b €

i=1
(AL)o @ (Br),. For fixed finite families (a;)i; € (AL)o, (b;)i; € (B1), and € > 0, there exist
(a )ity € (AL)oos (big)ieq € (BL)oo st ||a; —a;c|la, [|bi —bicl|ls < e foreveryi=1,...,n. Since
7 is sub-cross (cf. (i’) in Remark I1.11.4),

; @ b — zn:ae,i @ b, ;
i—1

n
< 3 (ll — aeallallls + llaeslall bl ) <
5 =1

<e (ns + > (lailla + IIbiII%)) :

i=1

hence (A7)o0 @ (BR)oo is y-dense in (AL), @ (Br),. On the other hand, the two C*-norms

| - Hmin,(G,H) = Sup ||7waw(')||
UJGSG(Ql)
pESH(DB)

|- lminz,ry = sup [[Twxe ()]

UJESLJ_ (Q[)

WESRL (%)
coincide on (Az), @ (Br),. Indeed, evidently || - ||mincm) < || - |lmin(z,r)- On the other
hand, || - ||min,(¢,m) is a compatible C*-norm on (Az), @ (Br), therefore by Theorem I1.12.3
- lnin,(z.r) < 1+ min, 60
Now, by Proposition I1.7.4 (2g)0o @ (Ba)o = (AL)oo @ (BR)oo, hence (Ag), @ (By), is dense
in (Ar)o @ (Br)o w.r.t. ||« ||lmin,c,m- It follows that

Q(G' @min %H = QlL @min s“BR . []
The rational rotation C*-algebra gives a pedagogical example of the construction above. Let
G = H = T acting on % = B = C(T) via the usual rotation a.(f) = B.(f) = f(z-),
for cach z € T,f € C(T). Let u € S(Z) defined by u(z,y) := 2™ »* (z,y € Z) with
m,n € N,ged(m,n) = 1. Then, L = R = Rad(u) = nZ so that

e ' =R"~7,<dTand L=R=>T/Z,
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- 27
® Ung: Ly X Ly — T, upq(z,y) =" 2.y €7,

T)r), = + CzF >
.« (C(Th)o = 1€
n—1 n—1
T = — j+kn T j+kn
e (C(T)pz)o=C(T ]6% k—el—Z(Cz and (C(T) @k—el—ZCz
and in view of Proposition 11.16.3, C(T)r @min C(T)1 = C(T)nz @min C(T)nz. 4
I1.17. About nuclearity o

Recall that a C*-algebra 2l is nuclear if it satisfies one of the following equivalent properties:
o || |lmin = || * |lmax on A @ B for every C*-algebra B 8

e [y € Aut(2) approximately factors through full matrix algebras in the strong (i.e. point-
norm) topology of B(2): 10

[(¥n 0 on)(a) —al| X550, ae

for contractive, c.p. maps A — <w— M, (C) 12

n

e its enveloping von Neumann algebra 21" is injective
e 2l is an amenable Banach algebra 14

Examples of nuclear C*-algebras are the abelian ones (& C,(X) for some locally compact,
Hausdorff space X), (approximately) finite-dimensional C*-algebras, type I C*-algebras (i.e. 1
all their non-degenerate factor representations are irreducible) and group C*-algebras Cf(G)

(2 C7(@)) for G amenable, locally compact and Hausdorff. 18
In this section, we prove that there exists a unique compatible C*-norm on 2, @ B, if and only

if either 2 or B is a nuclear C*-algebra, in which case A @,in B = A @max B. This result is 2
directly accomplished by Corollary 7.7 in [70] (p. 314), if we show that our construction of
the min and max-norm is equivalent to the one in [57] and in [70], respectively. The approach 2
of the two mentioned papers is very general, as they deal with C*-quantum groups instead of
classical ones. For the convenience of the reader, here we briefly sketch their construction. We 2
are given three data:

(1) two C*-algebraic quantum groups G := (&, Ag) and H := (£, Ay) (here, & is a C*-algebra 2
and Ag € Mor(&, B®,in®) := {¢: & - M(B®,in®): ¢ non-degenerate *~homomorphism}
given in Theorem 2 of [73] (p. 44) and similarly for ($), Ag)); 28

(2) a bicharacter u € UM (65\ min 5%) (unitary group of the multiplier algebra of & Qmin 5%),

(3) two continuous right coactions 6* € Mor (2, A @pin ) and 6° € Mor(B,B @i H) of &
and $ on C*-algebras 2 and ‘B, respectively.
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The spatial twisted tensor product is then built out of two non-degenerate representations on
the same Hilbert space H

6 — " B(H)
5%

satisfying a certain commutation relation involving the bicharacter v and two unitary multipliers
We € UM(@ ®min ®) and Wy, € UM(ﬁ Rmin 9) giving rise to the quantum groups G and H
according to Theorem 2 in [73] (p. 44). The commutation relation mimics the Heisenberg’s
CCR in the Weyl form, that is why (m, p) is called a Heisenberg pair. By using Baaj-Skandalis
leg numbering notation (cf. [5]), the spatial twisted tensor product is defined as

A XY

min

B = 1y(A) - 15(B),

where
a ———— [(idy ® m)(6%(a))] 5

A 2 M(ADpmin B Omin K(H))

_—

B [(ids @ p)(67(b))] 4
b /

In [57], it is also shown that A X . B does not depend on the choice of the Heisenberg pair

(7, p).
The point is that the construction significantly simplifies when the involved C*-quantum groups

are classical ones. In addition, it allows to discover and prove much more properties. Indeed, if
G = (Co(G),Ag) and H := (Co(H), Ay), where G, H are locally compact abelian groups and

AG: Co(G> — Co(G2)
f=1(9,9)— f(g9)]

is the usual co-multiplication of Cy(G) (analogously, for Co(H)), we have that

—_—

UM (Co(G) @min Co(H)) =UM (C*(G) @in C*(H))
—UM(Co(G) @min Co(H)) = C(G x H,T),

whence
uweB(GxH)cCGxH,T).

Furthermore, the coaction §%: A — M (A @min Co(G)) = Cp(G, 2A) bijectively corresponds to a
strongly continuous action « of G on 2 by the formula ay(a) := §%(a)(g) € A (g € G), so that
the triplet (A, G, «) is merely a C*-system. We shall suppose 2l unital from now on, so that
5% is a unital *~homomorphism and Cly C 2. In the same way, we get a (umtal) C*-system
(B, H,B). If G, H are also compact, 2 and B are respectively G- graded and - graded, with
@, o necessarily discrete, and the above-mentioned Heisenberg-type commutation relation
becomes R A

pu(0)pv(T) = u(o,T)pv(T)pu(o), oceGTel
where py: C(G) — B(H) (respectively, py: C(H) — B(H)) is the integrated form of a suitable
strongly continuous unitary representatlon of G (respectively, H). Notice that, by compactness
of G,GcC (G) (even more, G is a total subset of C (G), by Stone-Weierstrass density theorem).
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The mapping U: G > o — pu(o) = /U(g)Ugdg € U(H) is a strongly continuous unitary
G

representation of G on ‘H, and similarly for V: H>r pv(T) € U(H), so that the Heisenberg-
type relation boils down to

U,V, =u(o,7)V,U,, ceGreH. (11.20)

In other words, an Heisenberg pair for (Co(G),Co(H)) is nothing else than a pair of unitary

representations (U, V) (of G and H, respectively) acting on the same Hilbert space and
satisfying relation (I1.20). Lastly,

AKX, B = {(ida ® pu)(g = ag(a))is(ids @ pv)(h = Br(b))2stacaben
— [{(idm ® pu)(ae ® 0)13(ids @ py)(br ® 7)23}066,763}
= [{(a0 ® Uo)i3(br @ Vi)s},cgrert]
= [{ag ®br ® UUVT}UE@Jeﬁ} C A Omin B Qmin B(H) .

To show that A X". B is isomorphic to A @,in B, we need Theorems 4.1, 4.2 and Equation

min

(4.2) in [57] which will be condensed and reformulated in our classical group framework in the
following statement. Henceforth, G and H will be compact abelian groups.

Theorem I1.17.1
Let (m,U,H) and (¢, V, L) be faithful covariant representations of (2, G,«) and (B, H, ),
respectively. Set Z := (py @ pv)(u)" € U(H @ L) (recall that uw € UM (C*(G) @min C*(H))). If

II:a—w(a) @I,
O:b— Z(Iy®¢(()Z

then there exists a unique faithful representation W: AKXy, B — B(H @ L) s.t. each triangle
of the diagram

A 2y YXE. B 2> 9B

min

N A

B(H® L)

commutes. In particular, ¥(a, ® b, ® py(o)py (7)) = (v @ ¢)(a, @ b,) for every o € G,7eH.

Proof.
The first part of the theorem corresponds to Theorems 4.1, 4.2 and Equation (4.2) in [57]. We
are left to show the last equality. Firstly, notice that

u=Y (o, 7, @1, €C(G x H,T)=UM(Cy(G x H)).
G,H

In general, the finest common topology w.r.t. which the sum converges is the strict one on
Co (G X H) M(Co(G x H)) for every f € CO(G X H) and ¢ > 0, by the very definition of

Co(G x H) there must exist a finite set F. € F(G x H) such that

‘ (u—;u(a,T)]lU@]lT)fH =

00,GXH
= sup |(u(z,y) —u(z,y)Llp(z,9)f(@,9)] = [[fler <e.
(z,y)eGxH
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As an element of M (C*(G) ®upin C*(H)) C (C*(G) @min C*(H))" C B(L*(G) ® L*(H)),
(

u= u(U,T)/U

PAgdg® / r(h)Andh
G,

H

o)

S/

Vv vV
pr()=0 * pa(r)=T*

where the sum is strictly convergent®.

Now, py®@py : C*(G)@minC*(H) — B(H®L) is a non-degenerate representation (in other words,
pu ® py € Mor(C*(G) Qumin C*(H ), K(H ® L))) and hence continuous if both C*(G) @uin C*(H)
and B(H ® L) are endowed with the strict topology (on bounded subsets of B(H ® L), it is
nothing but the o-strong™ topology). Since C*(G) ®min C*(H) is strictly dense in its multiplier
algebra, py ® py extends to a strict-strict continuous representation

pu ® py: M(C*(G) ® C*(H)) = B(H & L).

Also, notice that it is the restriction to M (C*(G) ® C*(H)) of the unique normal extension
(pr @ pv)": (C*(G) @ C*(H))" = B(H ® L). It follows that the sum

UHRL)S Z" = Zu(a, T) /a(g)Ugdg®/T(h)Vhdh
GO G H

pu (o) pv(T)

converges in the strict/o- strong topology of B(H® L). It is easy to see that Z*(&, @ n¢) =

u(x, )&y ® ¢ for every x € G (e . At this stage, recall that ig: a, — a, ® 1 ® py (o) and
s b = 1y ® b ® py(7), therefore by the first part of the theorem,

{\I/: a4, @1y @ py(o) = [m(as) @ Iz : & @ ne — m(ag)Ey @ ¢
U: 1y ®b, @ pv(7) = [Z2(1n @ ¢(b7)) Z7 1 & @ e = U(gr)Ex @ d(br)nc]

Juxtaposing the two factors, we get
U ap ®br @ pu(o)py(T) = [& @ e = 7(a0)U(g-)& @ d(br)ne]
Since the sets {{}, .5 C H and {nc}. .z C £ are total, for every o € G and 7 € H we have
Y(ae @by @ pu(0)pv (7)) = (7 @ ¢)(as @ b-)
as bounded linear operators of H ® L. []

It is worth noticing that the only step of the proof where the covariance of (¢, V, L) takes place
is when computing

q)<bf)(§x ® 77() =Z(In® ¢<br))Z*(§x ® 77() = U(gr)fx ® ¢(bf)77< )

where the right-hand side perfectly makes sense even when ¢ is not covariant: g, is determined
by the degree of b, only, while ¢(b;) can even be non-homogeneous. For this reason, in
Theorem I1.17.1 one can drop the hypothesis of covariance of (¢, V, L), bypass the definition
of Z e U(H ® L) and directly define ®: b, — U(g,) @ ¢(b,), T € H, which uniquely extends
to a representation of B as already observed. This chance makes it clear once more why our
definition of 7y @ ¢ does not actually need a unitary representation V of H on L s.t. (¢,V) is
covariant. We are now ready for the first main result of this section.

8The symbol # in the previous formula denotes the convolution product.
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Theorem I11.17.2
AN B =AWy B.

min

Proof.
On the one hand, by Theorem I1.17.1 and the above considerations, two faithful representations
(m,U) € Cov(A, G,a) and ¢ € Rep(*B) give rise to a faithful representation W of A X} . B. On

the other hand, by our characterization of the spatial C*-norm, the same (7, U) and ¢ give rise
to a faithful representation 7y @ ¢ of A @i, B. Again by Theorem I[1.17.1,
2 X

min

B =im(V) =im(ry @ ¢) = A @pin B
and the proof is accomplished. [

The previous theorem also generalizes Theorem 6.1 in [57] (p. 31) which shows that when 2, ‘B
are Zy-graded C*-algebras, 2 K. B is isomorphic to the Kasparov’s skew-commutative tensor
product (see [49]).
Let us turn to the maximal twisted tensor product defined in [70]. Again, a Heisenberg pair
(7, p) is needed (actually, an anti-Heisenberg one) and the maximal twisted tensor product is
defined as

AR B = jora() - (B,

max

where (jou, jo.u, B(Hy)) is a commutative representation of (2A,6%) and (B, 6”), that is
(1) jou: A — B(Hy) and jpu: B — B(H,) are non-degenerate representations ,

(2) [(Jaa @ T)(6%(a)), (jzu @ )67 (5))]B0ue90) = 0 (a € A, € B)

and it is an initial object in the category of all the commutative representations and their
morphisms. Again, all technical difficulties in defining the maximal twisted tensor product
vanish in the case when & := (C(G),Ag) and 9 := (C(H),Apy), where G, H are compact
abelian groups and 2,8 are unital. On the one hand, the anti-Heisenberg relation becomes

U,V, =u(o,7)V,.U,, o€ @,T € ﬁ,

with (U, V) unitary representations of G and H respectively, acting on the same Hilbert space.

On the other hand,

an(as) @ Uy, jina(bs) ® Vilspnen =0,  oeG,reH,
which reduces to

Jaa(@o)jua(br) = u(o,7)jwa(b)jan(a,), o€l reH.

A possible choice for jy , and jeg, are the bounded extensions of 7,(-@ 1) to 2A and of m,(1y @-)

to B respectively, where m, := @ m¢ is the universal representation of A, @ B,. With this

SAo®@B,)
in mind, we obtain the second main result of this section.

Theorem I1.17.3

AR B A D B > C* (A, @ By).
Proof.
AKX B =7, (- @ 1g) - To(lg @ ) = Ty (A @pax B) = A @ax B, where the second equality

is due to Theorem I1.14.1. Moreover, by our characterization of the max-norm, 2A @, B =

C* (A, @ B,). O
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All things considered, we reach the third (and last) main result of this section.

Theorem I1.17.4
The involutive algebra %A, @ B, admits a unique compatible C*-norm if and only if either 2 or
B is nuclear or, equivalently, if and only if A¢ or B, in which case A @min B = A @max B.

Proof.

The “if” part is a straightforward application of Theorem I1.17.2 and Theorem I1.17.3, together
with point (2) of Corollary 7.7 in [70] (p. 314). The “only if” part is promptly explained. By
A @i B = A @paxe B, we have that A€ @i BT =AY @0 B, Then, by Theorem 3.8.7 in
[88] (p. 104) either AC or B is nuclear, or equivalently (by Theorem 4.5.2 in [88], p. 134)
either 2 or B is nuclear. In such a case, by Theorem [1.12.3 and Proposition 11.14.2, A, @ *B,,
admits a unique compatible C*-norm. [J

Remark 11.17.5

The theorem above significantly generalizes Proposition 11.12.2. As a last consideration, we
observe that both A @i, B and A @ ., B can be regarded as Rieffel deformations (in Kasprzak’s
sense, [50]) of their respective usual tensor products w.r.t. a suitable 2-cocycle, see Theorem
6.2 in [57] (p. 33) for the spatial case, Theorem 7.10 in [70] (p. 316) for the maximal one.

11.18. The Klein transformation

The Klein-Jordan-Wigner transformation (here simply called Klein transformation) plays a
crucial role in quantum theories: it allows to pass from operators acting on a common Hilbert
space and enjoying the Canonical Anticommutation Relations (i.e. Fermi elementary fields) to
others, acting on the same space but now satisfying the Canonical Commutation Relations (i.e.
Bose elementary fields), see e.g. [103]. The implementation of such a transformation is that
introduced in (I1.13) and (II.14) to build the twisted tensor product of representations. When
implementable, it realizes a *-isomorphism between 2 @y, B and A Qi B (see e.g. [49], [31],
[57]), then “straightening” the twisted product. Not only that, it may have natural applications
in quantum probability and information theory, since it preserves the product states as we
will show below. Hence, it turns out logical to investigate the chance of implementing such a
transformation in a general twisted setting.

We start with a C*-system (2, G, «), and say that the action o is inner if the following
properties are satisfied:

(a) there is a unitary representation G > g +— u(g) € U(2) such that

ag(a) = u(g)au(g™"), a€A, geq :

(b) such a representation G > g — u(g) € U(2) is continuous when 2 is equipped with the
seminorms

Prela) :=|[Im(a)¢]l, 7€ Rep(A), & € Hx.

Let w € S¢(2A), and consider its GNS representation (m,, H,, £,). By assumption, the action «
is implemented by the representation g — m,(u(g)), which is continuous in the strong operator
topology, hence by Proposition [1.15.3 we get

||x||min = sup H ((Trw)ﬂw(u) @ 7Tgo> (l‘) S A @rin B
weSa (A)

PESH(B)
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for every other C*-system (B, H, 3). We also note that u(G) C ¢ because
u(h) = u(g)u(h)u(g™") = ag(u(h)), g.heG.
After setting u, := u(g,), 7 € H and g, defined in (I1.13), we have
u, =uleq) = Ly, (ur)* = tUr-1, UpUpy = Uryry, T,T1,T2 € o,

that is {u,: 7 € H} C U(A) realizes a representation of H in U(A).
On the generators in A, ©® B, define

A, OB, 2a@br ko(a@b) := (au,) @b € Ay @B, (IT.21)

and extend it by linearity to the whole 2(, @ B,. As seen in the proof of Proposition I1.8.1, &,
is well defined.

Theorem 11.18.1
Let (A, G,«a) and (B, H, 3) be C*-systems such that « is inner. Then, the map in (II.21)
extends to a *-isomorphism

KA @min B — A Quin B

satisfying
(in) £'(Yuy) =w X @ for every w € S(A), w € Sy(B);
(11) (Oé Qmin B) OK =KO (Oé W min 5)

Proof.
We sketch the proof, leaving the algebraic details to the reader.
For z,y € A, @ B, we first notice that

Ho(xy) = Ho(x)’io(y) ) /{o<x*) = RO(I)T :

fweSK), € Sy(B), a € A, and b € B, is homogeneous, we compute:

Yo (Fo(a @ D)) = Yo ((auay) @ b) = w(a)p(b)dan, = (w x ¢)(a @ b) (I1.22)

by recalling that u, = 1y. Summarising, x, is a *-isomorphism between 2, @ B, and 2, ® B,
sending product states with invariant right marginal onto product states of the same form. By
the above considerations and applying (I1.22), we also get

[0(2)lmine = sup ||y, (Ko(2))]|
weSa((A)
PESH(B)

weSa ()
wESH(%)

for each = € A, @*B,. Therefore, k, realizes an isometric *-isomorphism (w.r.t the corresponding
min-norms) between 2, @ B, and A, ® B,, the extension of which realizes a *-isomorphism
between A @pin B and A Qmin B.

We now notice that (ir,) directly follows from (I1.22). As regards (ii), the product action « X f3,
is meaningful on both the tensor products (see Corollary I1.15.4, Proposition 11.11.2). Therefore,
it is enough to check (ii) on elements of the form a @ b, b homogeneous. For such a purpose, we
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recall that the u,’s are a-invariant and that 9(3,(b)) = 0b for b homogeneous and h € H, so we
compute:

(g @min Bn) (K(a @ b)) =(rg @min ) ((auap) @ b) = ag(augy) @ By (b)
=ay(a)uay @ B(b) = ay(a)uas, s @ B(b)
=k ((0tg @min Bp) (@ @D)), ge G heH

and the proof is accomplished. [

The case corresponding to an inner action S on B is handled exactly in the same way. Indeed, if
[ is implemented by a unitary representation H 5 h +— v(h) € U(8), by using the construction
in (I1.14) and setting v, := v(,h) (0 € G), now the Klein transformation assumes the form

A, ©B,2a@b— k(a®@b) :=a® (v,0) € A, R B, .
for each o € G. The new Klein transformation again satisfies (ii) in Theorem I1.18.1, and
(ir) ' (Yuy) =w X @ for every w € Sg(A), w € S(B)

instead of (ir,).



Chapter 111

Symmetric states for Klein C*-chains

I1I1.1. Introduction

In Classical Probability, a sequence of random variables (X} ), ey is said to be exchangeable (or
symmetric) when the joint distribution of the sequence is invariant under all the permutations
which swap the indices of a finite number of variables X,’s. Explicitly, if for every j € N

X;: (Q,F,P) > (E,&)

is a r.v. from a probability space (€2, F,[P) consisting of a set Q (sample space), a o-algebra F
on  (event space) and a positive, normalized, countably additive measure P on F (probability
measure), to a measure space (E,E) where £ is a o-algebra on the set F (state/value space),
the sequence (X;),en is exchangeable if, for every fixed n € N,

P(Xoys -+ Xowm) € A) =P((X1,..., X,) € A)

for any permutation ¢ € &, and any set A belonging to the product c-algebra £". As
customary, if X := (Xy,...,X,) is the vector r.v. associated to the first n terms of the
sequence, “P((X1,...,X,) € A), stays for P(X"!(A)) = ux(A) where px: E" — [0,1] is
the joint probability distribution of X, namely the pushforward measure of P through the
measurable map X. In symbols, for each n € N, &, ~ M (E") and pux € M,(E™)®", the
fixed point family of the symmetric probability measures in M;(E™). The simplest example
of exchangeable sequences are the ones consisting of independent and identically distributed

(i.i.d., for short) random variables: in such a case, ux = ®V for every X = (Xq,...,X,),
j=1

where v := pux, € My(E) for any j € N. De Finetti’s pioneering work [21] in 1931 shows that if

(X,)jen is any exchangeable sequence of Bernoulli random variables, then there always exists

€ My([0,1]) satisfying

1
B(X) = c1r.. s Xo = 0) = / T16(5) dulp), () € {0,1}",n € N
o J=1

where 3, € M;({0,1}) is the Bernoulli probability mass function with expected value p € [0, 1]
(see [51] for a recent, simple and self-contained proof of De Finetti’s result). Loosely speaking,
the distribution of a {0, 1}-valued exchangeable sequence is merely a “mixture” (with respect to
some, not necessarily unique, measure p € My ([0, 1])) of sequences of i.i.d. Bernoulli random
variables. Here, “y-mixture” informally indicates the compound of two distinct distributions: the
joint distribution of n independent Bernoulli r.v.’s with fixed expectation p and the distribution
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w of the parameter p itself.

One of the most general versions of De Finetti theorem in classical probability was undoubtedly
obtained by Hewitt and Savage in 1953 (see [46]). To illustrate it, let us start from slightly
afar. If £ is a compact, Hausdorff topological space and n € N is fixed, the Riesz-Markov-
Kakutani representation theorem yields an isometric embedding of the (Borel, regular, positive)
probability measures M;(E") into C(E™)*, the topological dual of the continuous C-valued
functions on E". On the other hand, the unit ball Begny- of C(E™)" is compact w.r.t. the
weak-" topology (the coarsest one making evaluation functionals on C(E™)* continuous), by the
Banach-Alaoglu-Bourbaki theorem and the convex set M (E™)®" of all symmetric probability
measures on £" is weakly-* closed in Bg(gny+, hence compact. We might then consider the
space M of all (Borel, regular, positive) probability measures on M;(E™)®" and deduce that

if m € M is supported by the family of product measures P, := ®y: v e /\/ll(E)} its
j=1
barycenter by, := / pdm(p) = /udm(u) is symmetric, i.e. it belongs to M (E™)®".
Ml(En)G" Pn

Here, the definition of b, stands for

flbm) = /f(u)dm(u) for every f: M;(E™)®" — C continuous and affine .
Pn

The barycenter b,, is therefore nothing more than an average of product measures, weighted
by m € M, i.e. a generalized convex combination. Coming back to random variables, the
Kolmogorov theorem guarantees that given any v € M (E), there necessarily exists a probability
space (£2, F,P) and a sequence (Y;);en of r.v.’s on it (read “discrete-time stochastic process”),

with common state space (E, &) s.t. ® V = lv,...y,) for each n € N. In particular, it results
j=1
that the Y;’s are i.i.d., with probability distribution v € M;(FE), and then the above discussion
translates into the fact that weighted averages of joint distributions of n i.i.d. random variables
are always symmetric measures. To summarize the picture, if EY := H E is the product of a
jEN
countable number of copies of E (hence, compact by the Tychonoff theorem, and Hausdorff)
and & is the finitary symmetric group on N, consisting of the permutations of the natural
numbers N leaving fixed all but a finite number of elements, then & acts on E" in a natural way
and any discrete-time stochastic process (X;);en having finite-dimensional distributions of the

form px,,. x,) = wdm(w), with m probability measure on M;(EN)® supported (or

M1(EN)6

even, pseudo-supported) by P := {®V: Ve Ml(EN)} C M, (E™)® is exchangeable. One

jeN
might naturally ask: are there other]exchangeable processes? Hewitt-Savage theorem gives a
negative answer. Precisely, it asserts that Ml(EN)G is a simplex (in the sense of Choquet, see
[98]) in (C(E™)*, 7,+) whose extremal boundary is closed and coincides exactly with the family
of product states P. Moreover, every u € /\/ll(EN)6 is the barycenter of a unique probability
measure m on /\/ll(EN)G pseudo-supported by P and maximal w.t.r. to a suitable partial
ordering <.

A first non-commutative extension of Hewitt-Savage result for infinite minimal C*-tensor
products 2 of a fixed unital C*-algebra 8 was given by E. Stgrmer in 1969 in a noteworthy
paper, [76]. Here, it is shown that the symmetric states of 2 form a Choquet simplex Sg(2l)
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with closed extremal boundary (namely, a Bauer simplex) consisting exactly of the products of
infinitely many copies of a single state on B, previously constructed by Guichardet in [43]. In
hindsight, if 98 is abelian, Stgrmer’s theorem reduces to the Hewitt—Savage version. Around the
same time, a maximal counterpart of Stgrmer’s result have been published by Hulanicki and
Phelps in [47] (we thank Lorenzin A. for notifying us about this work). We refer the reader to
[18] (and the references cited therein) for versions of De Finetti’s result in several other settings,
including some in Free Probability and Quantum Information Theory. Here, we limit ourselves
to illustrate the path started in [18] and partially traced in [31] with the aim of generalizing
Stgrmer’s theorem to twisted minimal C*-tensor products, defined and thoroughly analyzed in
Chapter II.

By exploiting the Jordan—Klein-Wigner transformation (see [105], Ex. XIV), in [18] Crismale
and Fidaleo deeply study the symmetric states of the Canonical Anticommutation Relations
C*-algebra CAR(J), generated by Fermi annihilators and creators labelled by an arbitrary set
J. One of the main tools in Stgrmer’s theorem is the asymptotic abelianness property w.r.t.
the finitary symmetric group &. In the CAR algebra, this property is not satisfied, due to the
anticommutation relations between spatially separated operators. As a consequence, the results
relative to the structure of symmetric states in [76] cannot be directly imported in [18] and
a new approach turns out to be necessary. The crucial point in their work is the proof that
each symmetric state on CAR(J) must be even, i.e. invariant under the parity involutive *-
automorphism naturally acting on the algebra. This property is exploited throughout the paper
in order to obtain a De Finetti-like ergodic decomposition for symmetric states. In particular,
they characterize the ergodic (i.e. extremal symmetric) states and show that every symmetric
state is the barycenter of a unique maximal probability measure which is pseudo-supported
on the ergodic states. In addition, they prove that the extremal states form a weakly-* closed
subset and determine the type of von Neumann factors generated by the extremal states. In
[31], the CAR algebra model is incorporated in a much more general setting, the one of infinite,
Zao-twisted, minimal C*-tensor products (there called Fermi C*-tensor products). Once fixed a
Zoy-graded C*-algebra 9B, the infinite (minimal) Fermi C*-tensor product 2 := n(?N‘B is built

via a direct limit procedure over tensor products of finitely many copies of 8, twisted by the
Fermi bicharacter ug(z,y) = (—1)", z,y € Zs = {0, 1} as explained in the previous chapter. In
[31], Fidaleo shows that

e Ss(20) is a Bauer simplex whose boundary g () := Ext(Sg(2)) consists exactly of the
product states of the form H Y, with ¢ € Sz, (B) = S(B%);

neN
e cach p € Sg(A) admits a unique maximal probability measure ., pseudo-supported on
Es(A), for which ¢ = / w d gt (w);

Se ()

o if 9B is also separable, then fi, is supported on Eg(2A) and ¢ = / w dptp(w).
Es(2)

Now that a solid theory of twisted tensor products is available from Chapter II, we might ask
ourselves at which extent De Finetti theorem is feasible on a general infinite twisted C*-tensor
product 2 arising from a single C*-system (G, B, ), where a compact abelian group G acts on
B via § (we shall call it twisted C*-chain). The main goal of the present chapter is to show that,
incidentally, the results achieved by Stgrmer and Fidaleo are two of the only three possible cases
in which a full-fledged ergodic decomposition of symmetric states can be performed in general.

The third arising case, never addressed before, is the (minimal) Klein C*-chain 2 = ®N%
ne
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associated to a C*-system (B, Ky, 3), where K, := Zy X Z5 is the Klein 4-group acting on
a nuclear C*-algebra B and the twist is produced by the bicharacter ugx(x,y) = (—1)Xty,
X,y € K4. No other De Finetti-like theorems can be deduced for group-twisted models in
full generality (i.e. without imposing other restrictions). It is worth explaining where this
extraordinary forcing comes from. We correct an inaccuracy in [31] (and consequently in [18]),

where it is stated that & acts on a Fermi C*-chain ®N% via *-automorphisms given on the
ne

elementary tensor products by simple permutations of the indices. This is actually incorrect:
we show that a transposition (namely, a 2-cycle in &) acts as an involutive *-automorphism
on a minimal twisted C*-chain if and only if the twisting bicharacter u is skew-symmetric
and the flip map ® which simply swaps two indices is substituted by the “corrected” flip @,
described in Proposition I1.7.5 of the previous chapter. On the contrary, ® can be at most a
*-anti-automorphism, in case 8 is abelian and u is symmetric. This fact leads to the analysis
of non-degenerate, skew-symmetric bicharacter on discrete abelian groups, to which the trivial
bicharacter on the trivial group (0), the Fermi bicharacter ug on Zy and the Klein bicharacter
ug on Ky evidently belong (all of them are symmetric as well). Using techniques in ergodic
theory exploited in [18] and [31], we are then able to show that a symmetric state must be
invariant under a subgroup of the original acting group, precisely the annihilator Ai of the
isotropy group A, := {o: u(0,0) = 1} (see Section I1.6). Furthermore, if the restriction of u
to Ay x Ay is identically 1, every symmetric state is automatically G-abelian (see definition
below), a condition which is necessary and sufficient to endow the weakly-* compact, convex
family of symmetric states Sg(2() with the structure of a Choquet simplex. The requirement
of triviality of the non-degenerate, skew-symmetric bicharacter u on A, x A, forces it to be
one of the three mentioned above: 1, ug and ug. In light of this result, all the proofs in [31]
can be effortlessly corrected by substituting the untwisted flip ® with the twisted version ®,,.
Moreover, a new model can be now examined in depth: the Klein C*-chains. This case requires
an even more thorough look. For u = ug, Ay = ((1,1)) = {(0,0), (1,1)} (the diagonal of K,
an index-2 subgroup), hence every symmetric state must be ((1,1))-invariant. It turns out
that if (B, K4, B) is a C”-system and w, ¢ € Sy1,1)y(B), then w X ¢ is a state on the twisted
tensor product B ® B and || - ||(1,1)) = sup | Twxo ()|l defines a (8 x B)-compatible
w,p€S((1,1)) (B)

C*-norm on B ® B, in general intermediate between the min and max-norm. Since & acts as
*-automorphisms on the minimal Klein C*-chain which coincides with the chain obtained from
the | - [[((1,1))-completion whenever B is nuclear (in view of Theorem I1.17.4), we restrict the
investigation to this case and achieve a new De Finetti-like result:

Let (A, S) be the C*-system associated to a unital, Ky-graded, nuclear C*-algebra 6. Then, for
each ¢ € Ss(2), there exists a unique mazimal p, € M;(Ss(2L)) s.t.

p(a) = / w(a) dpg(w), aec. (TT1.1)
Se(A)

In particular, p, is pseudo-supported by Es(2A) = {H w} i.e. py(B) =1 for every
YESA (B)

neN
B € By(Ss()) containing Es(A). The relative weak-" topology on the unit ball By~ of A* is
metrizable if and only if B is separable, in which case pu, is supported by Es(A) and
Equation I11.1 becomes p(a) = / w(a) dpg(w), a e
Es(A)

After a necessary background of ergodic theory of C*-systems in Section I11.2, we describe the
construction of the infinite, minimal, twisted C*-tensor product, which we shall call twisted
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(C*-)chain, in Section I11.3. The flip map P, is the base for the study of the action of & on a
chain: its properties are developed and compared to the ones of ® in Section I11.4. Due to the
suitability of skew-symmetric bicharacters for our analysis, we devote an entire section to the
classification of non-degenerate, skew-symmetric bicharacters on finite abelian groups: this is
the main result in Section II1.5. It has turned out to be really hard to find in literature, but at
last we have been able to attribute it to Zolotykh, see [82] (the article is in Russian, and an
English rendition of its main results can be read in Subsection 3.2 of [2], pp. 4230-4232). In
view of Section [I1.4, we are then ready to establish a well-defined action of & on a twisted
chain in Section II1.6 and describe its ergodic properties in Section II1.7. In particular, &-
abelianness property of Sg(2() is guaranteed in general if and only if one of three cases occur
(see Corollary II1.7.2 and Proposition II1.7.4), as mentioned above. We summarize the results
obtained by Stgrmer in [76] in Subsection IT1.7.1 and the ones achieved by Fidaleo in [31] in
Subsection I11.7.2. The third possible model, the Klein chain, is thoroughly investigated in
Section [I1.8. We conclude the present chapter with three applications to this new model: Ky
acting faithfully on the continuous functions C(T), on the compact operators KC(#) on a Hilbert
space H, and lastly on irrational rotation C*-algebras Ay.

II1.2. Ergodic theory of C*-systems

We borrow the notation introduced in Section I1.4. Let (2, G, a) be a C*-system and ¢ € Sg(2A).
Recall that

7'15 ={{eH, Uyg)§ =¢ g€ G} = ﬂ ker(Uy(g) — 1)

geG

is the Hilbert subspace of U,(G)-invariant vectors and E,: H, —» 'Hg is the orthogonal

projection onto H,. By Lemma 4.1 in [7] (p. 15), ’Hg is the largest Hilbert subspace K C H,,
s.t.

e {,eX
e for each £ € K, vfpz a = (mp(a)é, &), € Sa(A).

In particular, H, = ’Hg ) (3’1(5)L (where both Hg, (7—[5)l are U,(G)-invariant) and E,U,(g) =
Us(9)E, = E, for each g € G. The compression (or corner) mapping

E,B(H,)E, — B(H])
E,XE,— X := E,X|yg
is a "-isomorphism of C*-algebras, so that E,m,(2()E, can be identified with an operator system

T,(20)¢ acting upon Hg (in general, it is not a C*-subalgebra since E,, ¢ m,(2)’). Surprisingly,
by Corollary 2 in [22] (p. 422), E,7,(™A)"E, is a von Neumann algebra.

Extremality in Sg(21) can be usefully linked to several cluster properties, as well as to the form
of the GNS invariant Hilbert subspace, as summarized in the following well-known result.

Theorem III1.2.1 (Cluster properties in Sg(21))
Let (2, G,2A) be a C*-system and ¢ € Sg(2A). Consider the list of properties below:

(1) ¢ is strongly clustering: there exists (gn)nen C G s.t. for each pair a,b € A

lim |p(gn(a)b) — p(a)p(b)| =0

n—-+00
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(2) ¢ is weakly clustering: for each pair a,b € A,

inf  [p(zb) — p(a)p(b)] =0

z€co(G-a)

(3) for each a € 2, there exists a net {ay}rea C co(G - a) s.t.

lim |p(g(ar)d) — p(a)p(0)| =0, beA, gedC

(4) ¢ is 3-weakly clustering: for each triplet a,b, B € A, inf |@(Bzb) — p(a)e(Bb)| =0

z€co(G-a)
(5) for each a € 2, there exists a net {ay}rea C co(G - a) s.t.

lim [p(Bg(ax)b) — p(a)p(B)| =0, bBed gel

(6) Hy =C¢,
(7) me () NU(G) = Cly,

(8) ¢ € &a(A)

The following implication scheme holds:

(1) (4) < (5)
4 Y
(2) == (3) <=(6)

Y

(7) = (8)

In case &, € H,, is separating for 7, ()" (i.e. cyclic for m,(A)"), then (4) < (5) < (6).

Proof.

(1)=-(2) is apparent. The equivalences (2) <= (3) <= (6) are the content of Theorem 4.3.22
in [86] (p. 398). The implications (6) = (7) <= (8) are the content of Proposition 3.1.10
in [99] (p. 126). The implications (5) = (4) = (6) and the last assertion are the content of
Proposition 4.3.23 in [86] (p. 399). O

Remark I11.2.2
Just to point out, by taking the adjoints, (1), (2), (3) in Theorem III.2.1 are equivalent,
respectively, to

(17) there exists (g,)nen C G s.t. for each pair a,b € A lirll lo(bgn(a)) — p(a)e(b)] =0
n—-—+0o0

(27) for each pair a,b € A, inf |p(bz) — p(a)e(b)] =0

z€co(G-a)

(37) for each a € 2, there exists a net {ay}ren C co(G - a) s.t. lkm[i lo(bg(ay)) — p(a)p((b)] =0
€
for every b € U, g € G.
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A fundamental notion in the ergodic theory of C*-systems, originally introduced by Lanford and
Ruelle in [55], is G-abelianness of an invariant state. A state ¢ € S¢(2() is said to be G-abelian
if the operator system Ww(Ql)G CcB (Hg) consists of mutually commuting operators (we will also
say that 7,(0)¢ is abelian, even if it is not an algebra). The C*-system (A, G, ) is G-abelian
if Si(2A) consists of G-abelian states. The relevance of G-abelian C*-systems is motivated
by the fact that they suffice (actually, they are even necessary as we will see soon) to make

the convex, weakly-* compact family of G-invariant states a simplez, in the sense of Choquet.

Generally speaking, given a locally convex linear space E (over R or C), a convex set C' lying
in a hyperplane H C E s.t. 0 ¢ H is a Choquet simplez if its cone C := {tz: = € C,t > 0}
is a <g-lattice (i.e. a <z-poset which is closed under lL.u.b. and g.l.b. of any finite set of
elements, where y <z x if and only if v —y € 5) Easy examples of Choquet simplices are, of
course, the classical simplices in finite-dimensional linear spaces, but also the space M;(X)
of probability measures on a compact Hausdorff space X (i.e. the positive Borel measures p
on X, which are inner-outer regular and s.t. x(X) = 1) and the space of tracial states on an
arbitrary C*-algebra. For a comprehensive discussion on Choquet theory, see [98]. Here, we
limit ourselves to give a standard characterization of Choquet simplices, which encaptures their
fundamental importance in integral representation theory.

Theorem II1.2.3 (Characterization of Choquet simplices)
Let C be a convex, compact set in a locally convex linear space. The following properties are
equivalent:

(1) C is a Choquet simplex

(2) for each x € C, there exists a unique p € M;(C) s.t.

(i) /fd,u = f(z) for each affine f € C(C,R)
C

(i) if v € M;(C) satisfies /fdu > /fd,u for each convex f € C(C,R), then v = p
C C

(3) for each convex f € C(C,R), us: x ~ inf {g(m): g>f,—g€C(C,R) convex} is affine

C — M, (C)

© s () where x, u(x) satisfy (i).

(4) there is an affine assignment

Proof.
See Theorem 4.1.15 (p. 335) and Corollary 4.1.17 (p. 337) in [86]. O

If z € C, ue My(C) satisfy point (i) in Theorem I11.2.3, we say that p has = as barycenter. It
can be proved that it is unique (see Proposition 4.1.1 in [86], p. 323). Moreover, in view of the
Riesz-Markov-Kakutani theorem, M;(C) = S(C(C)) allowing us to write “u(f) = f(z), for
each affine f € C(C,R). If p € M;(C) satisfies point (ii) in Theorem II1.2.3, we say that p is
<-maximal (or simply, maximal) in M;(C'), where < is the partial ordering relation on M;(C)
st. v <1y (v € My(C), i =1,2) iff (vy —14)(f) > 0 for every convex f € C(C,R). Lastly,
uy in point (3) of Theorem I11.2.3 is said to be the upper envelope of f, a concave and upper
semicontinuous function on C' (see Proposition 4.1.6 in [86], p. 327).

It is worth noticing that the real essence of Choquet simplices does not rely on the existence of
a barycentric decomposition of their points by maximal probability measures: this is true for
any convex compact set in a locally convex linear space (it is known as the Choquet-Bishop-de

12

14

16

18

20

22

24

26

28

30

32

34

36

38



10

12

14

16

18

20

22

24

26

28

30

w

2

34

90 CHAPTER III. SYMMETRIC STATES FOR KLEIN C*-CHAINS

Leeuw theorem) and can be even relaxed to hold for every affine upper semicontinuous (not
necessarily continuous) function on C' (see Corollary 4.1.18 in [86], p. 338). Instead, it is the
uniqueness of this decomposition that characterizes Choquet simplices among all the convex
compact subsets of a locally convex linear space, and this result is known as the Choquet-Meyer
theorem. It will allow us to uniquely represent each state of a G-abelian C*-system (2, G, «) as
the barycentric point of the associated maximal measure. We can say even more about maximal
probability measures on general convex compact sets. For that, let B(C') the Borel o-algebra
of C' (the one generated by its topology) and By(C) C B(C) its Baire o-subalgebra (the one
generated by the closed Gs-sets in C').

Proposition I11.2.4
Let C be a convex, compact set in a locally convex linear space, y € M;(C) be <-maximal.
Then,

(1) w is pseudo-supported by Ext(C): every B € By(C) s.t. B C Ext(C)° is p-null, or
equivalently u(B) =1 for every B € By(C) s.t. B 2 Ext(C).

(2) if C'is metrizable, then By(C) = B(C') and Ext(C') is a Gs-set. In particular, u is supported
by Ext(C): every B € B(C) s.t. B C Ext(C)° is p-null, or equivalently u(Ext(C)) = 1.

Proof.
See Theorem 4.1.11 in [86] (p. 331). O

Coming back to our initial setting, G-abelian C*-systems are precisely the ones for which the
space Sg(2) of G-invariant states is a Choquet simplex, hence admitting an unique ergodic
decomposition of its elements via maximal probability measures. We formalize this statement
in the following two results.

Theorem III1.2.5 (Characterization of G-abelian C*-systems [Batty])
Let (A, G, ) be a C*-system. Consider the list of properties below:

1) (A, G, a) is G-abelian
2) the W*-algebra m,(2) N U,(G)" is abelian for each ¢ € Sg(A)

3) ¢ € Sg(RA) is a Choquet simplex

5) two distinct ¢, 1) € E¢(A) are covariantly inequivalent (i.e. (Hyp, Ty, Ep) % (Hyp, Ty, &y))

(
(
(
(
(
(6

)
)
)
4) if p € Sg(A) is s.t. T, (A) NUL(G)' is a factor, then ¢ € Eq(A)
)
) Sc(21) has the 1-ball property ([p, ] is a face for every ¢, 9 € Eg(A))
)

(7) if p € Eg(A), then ¢ is weakly clustering

The following implication scheme holds:

In case either 2A is separable or G is o-compact, all seven conditions are equivalent.
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Proof.
See Corollary 4.4 (p. 18) in [7] and the observations below. [

For the following corollary, recall that for any (unital) C*-algebra 2, the evaluation map
establishes an homeomorphism between S(2(), endowed with the weak-* topology, and the
spectrum (character space/maximal ideal space) Q¢ sy of C(S(2)), endowed with the topology
of pointwise convergence:

ev: S(Ql) i) Qc(g(g[))
o feve: [ f()]

On the other hand, the Riesz-Markov-Kakutani theorem represents each member of Q¢ (s,
i.e. ev, for some ¢ € S(2A), as the Dirac probability measure on S(2) centered at ¢, that is
the unique p, € M;(S(2A)) satistying

f(o) = / f@)dng(w), feCSE)). (111.2)
S

Now, since S(2l) is point-separating, there exists a contractive linear injection

o: A= C(S(A))
@ [@: ¢ o p(a)]

whose restriction olg, : Asa — C(S(A),R) to the Jordan subalgebra of selfadjoint elements of
20 is isometric. Writing Equation II1.2 specifically for a € C(S(2()) (a € ),

o) = [ wladunw), ¢ e S@) (111.3)
S(A)

Lastly, by the Hahn-Banach theorem,

s e acal ™ = [fec(S@)): f affine}
and hence Equation II1.3 simply tells us that ¢ is the barycenter of p,.

This fact can be generalized to any non-empty, convex and weakly-* closed subset X of S(21):

(X C(X)

@ x N =Talxae ] Y = {f ec(x): f affine} .

In particular, if (2, G, «) is a C*-system and ¢ € Sg(2A), p, € M1(Si(2)) has ¢ as barycenter

iff p(a) = / w(a)dp,(w) for every a € A. We can then write

Sa()

Corollary 111.2.6
Let (2, G, «) be a C*-system. Then, the following are equivalent:

e (A, G, ) is G-abelian
o for every ¢ € S¢(2l), there exists a unique <-maximal p, € M;(S¢(2()) such that

o= [ v, acu.

Sg(2A)
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Proof.
This is just a restatement of the equivalence (1) <= (3) in Theorem II1.2.5 together with
Theorem I11.2.3. [

A Choquet simplex C' in a locally convex linear space E is a Bauer simplex if its extremal
boundary Ext(C') is closed. This is clearly the case for the Choquet simplex S(2) of the states
of a unital abelian C*-algebra 2(, where Ext(S()) = P(2() is the family of the pure states,
coinciding with its spectrum Qg. In Theorem 3.9 of [77] (p. 16), Stgrmer gives a necessary
and sufficient condition for the weak-* closure of £ () in Sg(2A), given a G-abelian C*-system
(A, G, ). We shall evoke this result later on.

Theorem III.2.7
Let (A, G, ) be a G-abelian C*-system. Then, () is weakly-" closed if and only if there exists

a G-invariant, densely ranged p.u. map of C*-algebras T: A — C(Ez(R)) s.t. the transpose
T": My(Eg(A)) — Sg(2L) is an affine homeomorphism.

Various notions of asymptotic abelianness have been introduced over time to guarantee that
S¢(2) forms a Choquet simplex. One of them is in [77] (p. 17), where a C*-system (2, G, «) is
said to be asymptotic abelian if for each fixed a € U, there exists a sequence {gn 4 }nen C G for
which 1_1}13Oo l[gn.a(a),b]|| =0, b € A (actually, here Stgrmer does not even assume the strong

continuity of the G-action). The asymptotic abelianness property here introduced guarantees
that G acts as a large group of automorphisms on 2 (we will simply say that G acts largely),
i.e. for every p € Sg(U) and a € As,,

" (m, (G ) N7 (A £ &

where = denotes the closure in the weak operator topology of B(H,,). Precisely, Stgrmer proves
the following

Theorem II1.2.8
Let (A, G, a) be a C*-system. Then, G acts largely if and only if for each ¢ € Sg(2), c € A
and each finite family {a, b;}I; C s,

inf “lz,bi]c) =0, i=1,... n
meg{{%G_a)ko(c [, bile)] i n

Proof.
This is Theorem 3.5 in [77] (p. 13). O

Moreover, point (4) in Theorem 3.1 of [77] (p. 9) guarantees that asymptotic abelianness implies
G-abelianness of the C*-system, or equivalently that Sg(2() is a Choquet simplex.

We would like to conclude the present section with two enlightening observations. The former,
again due to Batty ([7], p. 16-17), works well in the setting of discrete C*-systems, i.e.
systems where the acting group G is discrete. The latter can be found in [18] and concerns
the case when a discrete group G is obtained by the direct limit of an ascending chain of
finite subgroups. The finitary symmetric group &, (J being any set) fits both situations.
Let us start from Batty’s observation, hence suppose that G is a discrete group acting on a
C*-algebra 2 via o. Then, one can easily build the full crossed product (also referred to as the
universal, or maximal crossed product) A x,¢ G as the completion of the group convolution

*~algebra C.(2, G, a) w.r.t. to the universal norm || - || := sup | pr0) ()|, where
(m,U)eCov(A,G )

Py ()€ = Zw(fg)Ug§ € Rep(C.(G, 2, a)) for f € C(A, G, a) is the integrated form of the

geG
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covariant representation (m,U) on H (). Both 2 and G canonically embed into 2 X, G: in
particular, let g — u4 be the embedding of G into /A x, ¢ G. The universal property of 2 X, G
consists in the fact that the assignment (7, U) + p(x 1y establishes (up to unitary equivalence
of representations) a bijection between Cov(2, G, a) and non-degenerate representations of
A X4 G. In addition, if

n

Bl (A%, G) == {é[) € (G, A): d(e) € S(A), Z ®(g; 'g;) (o (aja;)) > 0,0, €A, g, € GneN

ij=1
is the family of (normalized) a-positive definite functions in £>°(G, "), then the map
D S(Ql X f G) — Bi_(ﬂ N, f G)

O {%: g [éw(9)3 a go(aug)ﬂ

is an affine homeomorphism, provided that S(2 x,¢G) and B (G, 2A*) are endowed with the

weak-* and the pointwise weak-" convergence topologies, respectively (see Proposition 7.6.10, p.

330, in [97]). The following result can be found as Theorem 4.2 in [7] (p. 17). For that, recall
that a convex subset F C S(2) is a face if whenever wy,ws € S(2A) satisfy F N (wy,ws) # &,

wy,wy € F (or equivalently, whenever ¢ € F, w € S(2) satisfy w < tp for some t > 0, w € F).

Given a weakly-* closed face F C S(2l), the generated cone F is a weakly-* closed order-ideal
in the cone 21’ of positive functionals.

Theorem II1.2.9 (Batty, 1980)
Let (A, G,a) be a C*-system, with G discrete. Then, Sg(2l) is affinely homeomorphic to the
weakly-* closed face of the G-multiplication invariant states of A <, G

Fu = {QOES(Q[ Na,fG): @(ugauh) :90<a)7 g,hE GJLGQ[}

fx] — 80(91)
@ Dy(e)

(7{¢77{£%7W¢75w) (7{TW7?{%>7ﬁ%WT¢lhv)75TW>

via the assignment 7T': . Moreover, for every ¢ € F,, the two GNS quadruplets

are unitarily equivalent, where Hf” ={{eHy: ar (mp(a)d,&)n, € ?;}

Proof.
See Theorem 4.2 in [7] (p. 17). O

The second remark we want to make is about (discrete) groups G admitting an ascending chain
of finite subgroups {G}rea with A directed family of indices (i.e. A < X implies G, < Gy) for
which
G =lim G, = G I11.4
—A A ALEJ\ A ( )
the direct limit being taken w.r.t. to the group embeddings ¢y : Gy < Gy, A < X). In
particular, G must be locally finite (every finitely generated subgroup is, in fact, finite) and
amenable (it admits a finitely-additive and left-invariant probability measure). Given a unitary
representation U: G — U(H) of G on a Hilbert space H, for every A € A let H, := {¢ €
H: U =€, g € Gy} and Ey\ € B(H) the orthogonal projection onto H,. Similarly, define
HE = {E e H: Ul =€ ge Gand E € B(H) the orthogonal projection onto H“. Then,

1
E, = m Z Ug (A € A) and {Ej\}xen € B(H) is a decreasing net, hence converging
A

geG
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(in s.0.t.) to the orthogonal projection P := 3—1/\im E, € B(H) onto the closed subspace

ﬂ Hy={{eH: Uk =¢ g€ Gy, A€ A}, It is apparent that HE C m Hy, so that £ < P.

AEA AEA
Actually, the equality holds, thanks to a version of the celebrated von Neumann Ergodic

Theorem reported in Proposition 3.1 of [18] (p. 141). We can then write E as a Cesaro mean of
1
the unitary group {U,}seq i.e. E= M{U,} = s—l/\imm g U,.
A
geGA
More in general, we formally define

as the Cesaro mean of the assignment G > g — f(g) € X, provided that the r.h.s. exists
in the topology of a suitable topological space X. For instance, if (A, G, «a) is a C*-system
with G satisfying Equation I11.4 and ¢ € Sg(2), then M{p(f(g))} (for some map f: G — A)
will be always meant in the FEuclidean topology on C. For instance, in the analysis of the
symmetric states on the CAR algebra, Crismale and Fidaleo introduce two properties in
Theorem 4.1 of [18] (p. 143), the asymptotic abelianness in average and the weak clustering
in average. An G-invariant state w € Sg(2l) is said to be asymptotically abelian in average
if M{w(clg(a),b]d)} = 0 for every a,b,c,d € A (or equivalently, M{w(c[b, g(a)]d)} = 0 for
a,b,c,d € A). This property is introduced in . Though weaker than Stgrmer’s asymptotic
abelianness exposed above, this new property still suffices to make G act largely on 2. Indeed,
1 Z g(a) is a net lying in co(G - a). Therefore, if
Gl 9EGAH AeA

w € Sg(2A) is asymptotically abelian in average,

limw | c*
b\

for every a,b,c € 2. By Theorem I11.2.8, it follows that G acts largely, and consequently that
Sa(2) is a Choquet simplex. We will see in Subsection I11.7.2 that this is the case for the
C*-system (2, &, o) where the finitary symmetric group & acts on a Fermi (minimal) C*-chain
A = n@N% based on a fixed Zs-graded C*-algebra 9B. On the contrary, the large G-action

property will be not guaranteed in general when the grading of 8 comes from the Klein 4-group
Ky =7y X Zs, as it will be shown in Section II1.8. Nonetheless, we will still be able to ensure
the G-abelianness even in this case.

observe that for every a € 2,

—_— g(a),b] C) = M{w(c"[g(a),blc)} = 0

In much the same way, w € S¢(2l) is said to be weakly clustering in average if M{w(g(a)b)} =
w(a)w(b) for every pair a,b € 2 (or equivalently, M{w(ag(b))} = w(a)w(b) for a,b € A). This
property realizes point (3) in Theorem I11.2.1, equivalent to point (2) (weak clustering property
of w) and (6) (HS = C&,) of the same theorem. In particular, it implies ergodicity: w € Eq(2A).

I11.3. The infinite twisted C*-tensor product

The present section is devoted to the construction of the C*-inductive limit of a direct system
consisting of (finitely many) twisted minimal C*-tensor products, based on a fixed C*-system
(B, G, 5), with G compact abelian group acting on the unital C*-algebra 8. Henceforward,
No:={0,1,2,...} and N:={1,2,...}. The first step of our iterative construction will be the
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C*-system (2o, G, 57 )), where 20 := B @ B is the completion of the algebraic twisted tensor
product B, @ B, w.r.t the min-norm' and

556)@) =By @By)(z), xz€Ay, g€l

is the diagonal action of G on 2d;. More generally, every pair of C*-systems (‘B G,B), (€,G,7),

together with a bicharacter u on G induces a new system (B @ €, G,5%") where G acts
diagonally on B @ € via 60*7):

5P () == (B, @7y)(x), TEBDC geG.

Clearly, B, @ €, C (B @ ), but the inclusion may well be proper. For instance, the data
(C(T), Zg, T, ug) suffice to produce the w-rotation algebra (C(T) ® C(T), Zg, 7 ® 1), for which
given any A, B € C

Acos(u) ® cos(v) + Bsin(u) ® sin(v) € (C(T) ® C(T)), \ C(T), ® C(T),

where u,v € C(T) are the unitary generators of the first and second copy of C(T) respectively,
and

2n
. . U
cos(u) = ulim 3 (-1
0<k<n
sin(u) := u-lim Z (—1)”ﬂ
n—00 (2n+1)!
0<k<n

Nonetheless, G still acts diagonally on B, @ €&,, so that (B, @ &,, || ||min) is well a (A;—graded
pre-C*-algebra, obviously dense in B @ €. As a result, it makes sense to study (8B, @ €,) @ D,
for any other C*-system (©,G,)\). The following lemma asserts that the minimal twisted
tensor product is associative in this particular case, thus giving a non-ambiguous meaning to
expressions like A3 := B @ B @ B, and more in general to the product XA, of n copies of B.

Lemma III.3.1
With the notation above, (B, @ €,) @ ©, = B, @ (€, @ D,) as involutive algebras. The
isomorphism extends to the minimal completions so that (B @ €) @ D 2B @ (C @ D).

Proof.

By associativity of the tensor product ®, it is clear that (8, ® €,) @D, = B, ® (€, ®D,) as C-
linear spaces. Let *7, and *p be the adjoint operations on the involutive algebras (B, ® €,) @D,
and B, @ (€, ® D,), respectively. Similarly, let -, and -g be their respective products. For

homogeneous z; € B,, ro € €, and x3 € D, of degree o; € G (1 = 1,2, 3) respectively, by
recalling that 0(z; @ x;) = 0,0; € G, we get

(21 @ ) @ 23)™ = w0109, 03) (11 @ T2)* @ 2} =
= u<01027 03) ( )(1’1 @ x2) @ 173
= u(o1,0903) u(og, 03)r] @ (5 @ 3) =

= U(Ul, 0903) 7 @ (12 @ 73)* = (71 @ (12 @ 23))* "

where we have used the associativity of ® on the elementary tensors. If X; € B,, X5 € €, and
X3 € ®, are other three homogeneous elements of degree 7; € G (i = 1,2, 3), again using the
associativity of ©,

!Dealing with minimal C*-tensor completions only, from now on we will always omit the subscript “min”.
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(21 @ 22) @ x3) - (X1 @ Xo) @ X3) =
= u(T172, 03) (71 @ 22) (X1 @ X»)) @ 23X =
= u(m172,03) u(11,09) (21 X1 @ 22X5) @ 23 X3 =
= u(Ty,0903) u(72,03)11 X1 @ (22 X5 @ x3X3) =
= u(T1,0203)11X1 @ ((22 @ 23)( X2 @ X3)) =
= (11 @ (22 @ 73)) 'R (X1 @ (X2 @ X3)).

By extending the equality to all the finite C-linear combinations of tensor products of ho-
mogeneous elements, it straightforwardly results that (B, ® €,) ® D, = B, @ (¢, @ D,) as

involutive algebras, and hence (B, @ €,) @ @omm =B, (¢, ® @o)mnhl. Since the min-norm

is cross (Proposition I1.11.7), by Proposition I1.11.5 (8, @ €,) @ D, contains isomorphic
copies of the completion of its marginals C*-algebras i.e.

BEC,D (%O @C) DD,

Analogously, B, €@ D — B, ® (€, ® D ) . In conclusion,
(B D=EBW((COD). ]

In view of Lemma [I1.3.1, we are allowed to write B @ € @ ® with no issues of ambiguity. In
particular, we will be able to construct the infinite twisted C*-tensor product out of a single
C*-system (B, G, ), with no concern for where to put brackets. We start by recursively define

A7 =B, A =2, @B,
by Ay — Ay, neN

where ¢, is a well defined *-monomorphism thanks to Proposition I1.11.5. After defining the
connecting maps Gpm = lyp—1 0+ 0 lyy1 0L, (B < m) and ¢, := Iy, for each n € N, it is
immediate to verify that (20, ¢um)n<m is a direct system of C*-algebras over N, thus yielding
the direct limit unital *-algebra

Ao :=1im A, .
—n

It is well known that 2(,, comes with a family of canonical maps j,: A, — A (n € N) s.t
Jm © Gpm = Jn for every n < m, and that 2., satisfies a universal property: if A is a unital
*-algebra admitting a family of unital *~homomorphisms 7, : 2, — A satisfying 7,, © ¢nm = M
(m,n € N, n < m), then there exists a unique unital *-homomorphism I': %, — A s.t.
N, =1 o}, for every n € N.

Now, set
)= B, € Aut(2L,), (”H) = a )@ B, € Aut(,11), g€G, nEN

Then, a™: ¢ — ozé”) defines a pointwise norm-continuous action of G on 2, for each n € N.

Furthermore, the automorphisms (aé"))neg evidently satisfy the relations
ge

al™ 0 G = pum o, n<m, g€G. (I11.5)

If we fix g € G and take A := A, Npy = Jn © aé") (n € N), by using Equation I11.5 we
immediately see that

Tim,g © gbnm =Jm?© O‘ém) o ¢nm =Jm© gbnm n) =Jn© a( "= Tin,g
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hence by the universal property of 2, there exists a unique unital *-endomorphism I' := a° €
End(20.). Not only that, for every g € G, aéoo) € Aut() (see Lemma L.1.3 at p. 300 in

a(o0)
[108]), thus providing an action G '~ 2. The non-negative quantity
n(@a) o = ll2nlla,, @0 € An, n €N

defines a C*-norm on 2., inducing the final topology associated to the canonical maps j,,’s.
The completion of Ay, w.r.t. | - ||a., is the C*-inductive limit A of the above direct system
(0, Gnm)n<m- 1t is endowed with a family of canonical isometric maps, again denoted by
Jn: A, = A (n € N), and its universal property follows verbatim the one of 2, as long as we
require A to be a unital C*-algebra. Moreover, the following relations hold (see Proposition
L.2.2 at pp. 303-304 in [108]):

o = (Jn @) UR) =30 UER))

neN neN
A= Jin @) L) =Jm (L&)
neN neN
A, N By = J3n s NBy,)  GLER) S | J1n(GLA
neN neN

where By (respectively, By, ) is the closed unit ball of 2 (2,) and L(21) (respectively, £(2,)) is
the lattice of the orthogonal projections in 2 (2(,,). Recall also that GL(2) and GL(,,) are
open.

Lastly, for every g € G, a(goo) € Aut(y) is || - |la,-isometric, thus extendable to a C*-
automorphism «, € Aut(2). It is immediate to check that the map g — «, is pointwise
norm-continuous, thus yielding an action G A 2. We collect the previous results in the
following

Theorem II1.3.2

The inductive sequence of C*-algebras (2,,),, together with the compatible sequence of actions

(™) ‘ o
<G ~ A ) , determines a C*-system (2, G, a), referred to as the (minimal) C*-inductive limit

of a (countably) infinite number of copies of a single C*-system (B, G, f3).

We will also refer to 2 in the previous theorem as the twisted chain of B, of which 2l is the
(dense, involutive) algebra of localized elements. It admits a G-graded structure, where for every

o € G, the o-spectral subspace of U is

Jn%(cn ,,,,, ZUZ—JnGN %(0'1 ,,,,, an)::%01®"'®%o‘ngmn-

We conclude the section with a clarification. For any n € N, there are exactly C,,_; =
1(2n—1

—( ( ] >) ways of inserting brackets in a chain of n copies of ‘B in order to associate the
n\ n-—

n — 1 products @ among them.® For example, for n = 4, there are C3 = 5 distinct ways to
parenthesize a chain of 4 copies of B:

For a subset S, [S] := spang S.
3C’m is called the m'™ Catalan number.
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(B@OB)@(B@B), (BOB)@B) @B =2,
(B@(B@DB)©B,BO(BOB)©B), BO(BO®(BO®D)).

In view of Lemma [I1.3.1, all the five C*-algebras above are isomorphic. More in general, for
every n € N, all the (), possible parenthesizations are isomorphic C*-algebras. The previous
considerations allows us to simply write %, =8 @ - -- @ *B.

n copies
Analogously, 2 zlrr; B @ ---@*B. It is then meaningful to write n@N% = Ay = A, exactly

n copies

as for the usual tensor product (see p. 18-28 in [43]).

I1I1.4. The flip maps ¢ and 9,

To avoid ambiguities, we will temporarily assume S(@) N A(@) = (15,5)- This requirement is
equivalent to ask that G is 2-divisible (i.e. G = @2), a condition which is satisfied in a variety
of cases, such as G finite with odd order, the discrete real line Ry, the discrete circle Rq/Z, and
the additive rationals Q. (On the other hand, G is evidently not 2-divisible when having even
order, or for G= Z"; we will see what happens in these cases later on.)

Given non-trivial u € B(CA?), we define the (respectively, untwisted and twisted) flip maps as the
C-linear extensions of

d: B, B, > B, B,
a@b—bwa

®,: B, B, =B, ®°B,

A@wBw— u(A,B) B@ A (A, B homogeneous).

Our purpose is to investigate the properties of ® and ®,, according to the ones imposed on the
algebra 8 and the bicharacter u. Precisely, we aim to show the following scheme:

| |

\ *-preservation product-preservation ‘ \ product-reversal, B8 abelian \

Flip | ueS(G) | ueAG) | |Flip|ueSG) | ueAG) | |Flip| ueSG) | ueAG)
D Vg X o X X o v X
P, X v P, X v d, X X

To accomplish that, consider any function f: G x G — T and the self-map

OB, @B, > B, DB,

a®b— foamb®a (a,bhomogeneous)

Then, one straightforwardly checks that ®; always intertwines the direct product action of
G x G on B, ®*B,, ie.

Dpo (B, @By) = (By @By) 0 ®s, 9.9 €G (I11.6)
and that it is

(i) *-preserving if fo, fr-1,-1 = u(o,7)u(r,0) (0,7 € G)

(ii) product-preserving if f, . e foe.rn = u(n, o)u(€, 1) (o,1,&,m € (A}')

(ili) product-reversing (when B is abelian) if f, - fe, foery = w(T,u(, 7) (0,7,&,n € CA}')
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Therefore, ® corresponds to the case f = 15, 5 (i.e. ® = ®1), whereas ®, to the case f = w.
Notice that the sufficient conditions here listed become also necessary if for every pair of
characters 0,7 € G, B,B, # {0} (a condition which is, in general, stronger than the G-action
having full spectrum on 9B).

When u € $(G), ® = ®, clearly satisfies condition (i) (for any C*-algebra $B) and condition
(iii) (for B abelian), while (ii) fails to hold since u is non-trivial. On the other hand, ®, does
not comply with any of the three conditions. On the contrary, when u € A(@), ®,, satisfies
conditions (i) and (ii), whereas ® = ®; is compatible with none of (i), (ii), (iii).

We collect these results in the following

Lemma II11.4.1

If u € A(G), ¥, isometrically extends to an involutive *-automorphism (again denoted by ®,)
of B @ ‘B, intertwining the direct product action of G x GG on B @ *B. In particular, every ®,-
invariant state ¢ € S(B @ B) induces a covariant unitary GNS representation (H., 7, Uy, &,)

of B @ B, where Uj =1 onH,.

~

If u € S(G) and B is abelian, ® isometrically extends to an involutive *-anti-automorphism
(again denoted by @) of B @ B, intertwining the direct product action of G x G on B @ B.
In particular, every ®-invariant state ¢ € S(B @ B) induces a covariant anti-unitary GNS
representation (H,, 7y, [zo, &,) of B @ B, where (7; =1 on H,.

Proof.

By the previous discussion, if u € A(CAJ), ®,, is an (involutive) *-automorphism of B, @ B, so
let us check that it is min-isometric. Firstly, observe that since u € A(@), for every pair of
characters o, s € G we have s(g,) = s(,9) = 0(gs) = 0(s9), and in particular g, = ,g € G for
every o € G. Ifw, p € Sc(B) and Xy, Hy @ Hy = Ho ® H,, is the swapping unitary operator

on the Hilbert tensor products of the associated GNS spaces, then for each homogeneous
a,b € B,

[(Tov, @y )o@y ] (a@b) = u(a, b)me,(0)Us(goa) @7 (a) = ula, b) Xy umy(a) @7y (0)Uu(goa) X o =
= u(0, b) Xy (@) ® Us(90a) T By, (0) X5, = Dpwme(a) ® Us(0a9)mu(b) S5, =
=Y (T, @ y,m,)(a @ b)Z;w
The equality above easily extends to every z € B, @ B,, hence giving

[Pu(@)lmin = sup  [[(Tuxp © Pu)(@)|lBotuer,) = suP  ([Tpxw(@) Bt 0m0) = [|2]|min -
w,pESe(A) PpwESa(A)
In particular, the isometric extension of @, (again denoted by ®,,) is an involutive *-automorphism
of B @ *B. Lastly, if p € S(B @ B) is ®,-invariant, the densely defined operator

Up(mp(7)Ep) := (T 0 @) (), T E€B @B

extends to a selfadjoint (equivalently, involutive) unitary operator U, € U(H,) s.t. Uy&, =&,
and U,m,(2)U, = (1,0 ®,)(z), x € B @B (see [59], Lemma 2.1, p. 11).

If u € S(G) and 5B is abelian, by the previous discussion ® is an (involutive) *-anti-automorphism
of B, @ B,. Furthermore, ® induces a compatible C*-norm || - ||¢ := ||P(*)||min o0 B, @ B,

since

108y @ By )(@)llg = 12 0 (By @ By ) ()| i = 1By @ Bg) © P(2)]] i = [|P (%) |min = [|[]

for every g,9' € B, @ B,. Thus, by Theorem I1.17.4, || - ||l = || - |lmin and the isometric
extension of ¢ (again denoted by ®) is an involutive *-anti-automorphism of 8 @ B. Lastly, if
v € S(*B @ B) is invariant under @, the densely defined operator

Uy(m(2)E,) i= (mp 0 ®)(2)E,, =€ B @B
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and <(7<p§7 77> -
(&, U¢n> for every n,§ € H,, i.e. a selfadjoint (equivalently, involutive) anti-unitary operator
U,. Moreover Uy, = €, and Uymy(2)U, = (1,0 ®)(z), 2 € B @ B. O

extends to a C-antilinear operator U, : H, — H, s.t. (U€, ﬁcpn)yw &)y

cp

Remark 111.4.2
The previous lemma provides:

e a C*-system (B@*B,Z,, P,) for u € A(G), where each even state ¢ € Sz,(B ®*B) induces
a Zo-grading on its GNS Hilbert space H, = H, 4+ & H,— = ker(U, — I) @ ker(U, + 1)

e apair (B@B, ®) for u € S(G) and B abelian, where each ®-invariant state ¢ € So(BODB)
induces a decomposition of its GNS Hilbert space H, = IC@ ) IQP = le LD IC@ T
where IC%i ={{eH,: Ug,f +£} are merely R-linear closed subspaces of H,,

For a general (non-trivial) abelian discrete group G, if u € S(G) N A(G) is non-degenerate, then
clearly im(u) = {£1} = Z,. (We remark that the viceversa is not true: u(g,7) = (—1)* (1)

for o,7 € Z3 is a non-degenerate bicharacter s.t. im(u) = {1}, but u ¢ S(Z3) = A(Z3).)
Therefore, requiring u to belong to S(G)\ A(G) is equivalent to have u € $(G) s.t. {£1} C im(u).
In such a case, the first column in the three tables above can be filled in likewise. Analogously,
u € A(G)\ S(G) if and only if u € A(G) and {£1} C im(u), in which case the second column is
completed in the same manner.

In view of Lemma II1.4.1, one might be led to think that, up to substituting unitary operators
with anti-unitary ones, all the ergodic theory of symmetric states on a twisted chain of an
abelian C”*-algebra 9B could be performed also in the case when u € S(G) \ A(G). Unfortunately,
this hope is promptly dampened by the fact that, when adding a third copy of B to the tensor
product, the mapping ® @ Iy, is in general just a unital, *-preserving, involutive self-map on
(B, @ B,) @ B,, with no further satisfying properties, not even positivity. To motivate this
statement, we observe that the following requirements are equivalent:

e & ® Iy, is min-contractive on B, @ B, @ B,

o & @ [y, is min-isometric on B, @ B, @ B,

e & ® Iy, extends to an order automorphism of B @ B @ B
o & ® Iy, extends to a Jordan automorphism of B @ B @ B

For instance, if B := C(T) and uy(m,n) := ™" (q irrational, m,n € Z), then u, €
S(G)\ A(G) and ® results to be an involutive *-anti-automorphism of the rotation algebra A, =
C(T) @ C(T). However, ® @ I¢(r), on (C(T), @ C(T),) @ C(T), cannot have a positive extension
to the minimal completion. By contradiction, if it did, by the previous discussion it would be a
Jordan automorphism of C(T)@C(T)@C(T). We straightforwardly see that this is not the case, by
exhibiting 2,y € C(T)@C(T),@C(T), s.4. D@ Lo, ({2.5}) £ {(B® Leqr, ) (2). (8@ legr), ) (1)}
Let (U, V, W) the ordered triplet of generators of C(T),@C(T),@C(T), and z := UW, 3y := VW,
Then,

P @ [C(T)o({xay}) — P @ IC(T)O<<€—i4Tra + e—iGTrOc)Uv2w2) — e—i27ra<e—i27ra + e—i47ra)U2vw2
{(® @ Iery,) (), (P @ Ieqr),) (y) } = (VW)(UPW)+(UPW)(VWV) = e 2™ (e ™ + 1)U VIV,

This is the reason why, from now on, we will restrict our analysis to u € A((A;), in which case
all the (embedded) flips @, will act as *-automorphisms on a twisted chain of a C*-algebra 9B,
then inducing a well-defined action of the finitary symmetric group &.
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II1.5. Non-degenerate skew-symmetric bicharacters

In this section, all the abelian groups G we deal with are finite (hence, direct products of cyclic
subgroups of prime-power order). For u € B(G) and any subgroup H < G, we write (by a
slight abuse of notation) u|g for the restriction of u to the direct product H x H. Clearly,
ulg € B(H). Moreover, if u; € B(G;) (i = 1,2), we define u1 ® us € B(Gy x Gs) as

(u1 ® u2)((91,92), (91, 95)) := u1(g1, 91)u2(g2, 95),  9i> g; € Gi (I11.7)

We say that (G, u;) and (Ga,us) are equivalent (and write uy ~ ug) if there exists a group
isomorphism T: G; = Gy s.t. ui(g,h) = ux(T(9),T(h)), g,h € Gi. A skew-symmetric
gla g2 ?é (0)
bicharacter u € A(G) is reducible if there exist two pairs (G;,u;), i = 1,2, s.t. { G = G X Gy
U~ U QU
Lastly, a non-degenerate bicharacter u € A(G) is elementary if (u,G) is equivalent to one of the
following three pairs:

(1) ‘Fermz’ bicharacter of Zg‘

(Zg, ug), ug(x,y) := (—=1)*, where x,y € Zy = {0, 1}.
In this case, A, = (0).

(2) | Non-symplectic bicharacters of the 2-primary groups Za,

xt 2n—1 1
(Zzn X Z2n7UQn)7 Ugn(x, y) ::g [ -1 0})’7 Whel"e

e n>1and X,y € Zgn X Zon
e ¢ € Tis a primitive 2"-th root of unity (i.e. €2 =1 and n = min{k € N: ¢ = 1})

In this case, Ay = (2) X Zon = Zgn-1 X ZLgn.

(3) | Symplectic bicharacters of the p-primary groups Zf,n

(Zpn X Lpn, w¢), Wpn (X,y) 1= Cxt[—ol 0¥ where
e n>1p>2isprime and X,y € Zpn X Zipn
e ( € T is a primitive p"-th root of unity (i.e. ¢ =1andn = min{k € N: C(pk) =1})
In this case, A, = ZZ”'
Recall that a p"-th root of unity ¢ € T is primitive if and only if 1,(,--- ,¢?" ! € T are all
distinct. Equivalently, { = 'L for some L = 1,...,p" st. ged(p™, L) = 11i.e. p fL. In other
words, L ¢ {kp: k =1,...,p" '}, so that there are exactly p(p") = p" —p" ' = p" <1 — 1)

totatives of p", each corresponding to a distinct p"-th primitive root of unity (¢ is the Euler’s
totient function). Let U(Z,») be the multiplicative group of totatives of p" (i.e. units of the
commutative, unital ring Z,.). Then, we can re-write

27 ot on—1 Lo
Ugn (X,y) = ezén [—K 0 ]y = engbK(X:Y), K € U(Zyn)

- 27 f[O L

Wyn (X,y) = €7 L-L oy = ei%cL(x’y), LeU(Zy)
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where by : Zon X Zon — Zon (respectively, cp: Zyn X Zpn — Zyn) is the Zgn-bilinear (Zn-
bilinear), non-degenerate, skew-symmetric map having coordinate matrix [{LE K } € My(Zaon)
([5 5] '€ Ma(Z,0)).

Up to bicharacter equivalence, the definitions of ugn,w,» do not depend on the particular choice
of primitive roots £, ( € T, respectively (or equivalently, on the choice of K € U(Zgn) and
L € U(Zy)). Indeed, once fixed K € U(Zgyn), u ~ ugn if and only if

uy) = [ K1)y

for some matrix T € GLy(Zgn) = {M € My(Zan): det(M) € U(Zan)}, so that bicharacter
equivalence translates into congruence (change of basis) of coordinate matrices over Zgn. Then,
for each K’ € U(Zyn),

o if ':= X" 0] € GLy(Zon), then T[*",) KT = [*"1, &']

0K1

o]
o if T:=[ 2, K'] € GLy(Zon), then T[>/ KT = [ 5., K]

K
o if T := [7[[5 1 /:| € GLQ(ZQn) then Tt[QnKl IO{]T |: (27%”1_1,'_1(/) 2”2_::K/:|

In other words, [2" K] ~ [2'0 5] ~ [ % K] ~ [7(2,3?;;,(/) 27;33[{,} for any K, K' ¢
U(Zgn). Analogously, once fixed L € U(Zyn), u ~ wyn if and only if
U(X, y) =e ;w t(Tt[ OL 6’}T>y

for some T" € GLy(Zyn). IIn particular, for every L' € U(Zy), it T =[5 %] € GLy(Zyn),
then T'[ O 51T =1 % 5], sothat [ % 4] ~ [ G, 4] for any L, L' € U(Zyn).
We also define the non-degenerate skew-symmetric bicharacter on the Klein 4-group K, =
Zo X Lo as o

ug(x,y) == (—=1)* Tolly = = (— 1)Xt'y, x,y € Ky.

By the above discussion, ug ~ us via T' = [{ }]. Moreover, ug is evidently reducible, since

ug ~ ur @ up. We will refer to ug as the Klein bicharacter of K. The results below are due to
Zolotykh (Lemma 6 at p. 459, Lemma 7 at p. 460 and Theorem 1 at p. 461 in [82]).

Theorem II1.5.1 (Zolotykh, [82])
The following facts hold true:

(i) The elementary bicharacters are pairwise non-equivalent: for every m,n € N and prime
D > 2, Up & Ugm % Wpn

(ii) wg ~ ug is the only reducible bicharacter among the elementary ones

(iii) conversely, if the pair (G, u) is s.t. G # (0) and u € A(G) is non-degenerate and irreducible,
then (G, u) is equivalent to (Za, ug), (Zom X Zgm, ugm) for unique m > 2, or (Zyn, wyn) for
unique n > 1

(iv) ugn ® Ugm ~ Won ® ugm for every n > m > 1
(V) up @ ugm ~ ug ® wom for every m > 1

(vi) if G is a finite, abelian p-group (|G| = p* for some prime p > 2,d € N) and u € A(G) is
non-degenerate, then there exists a unique (up to rearrangements) group presentation for

which .
(G,u) ~ ()(gz,@ >

=1
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where (G, ulg,) ~ (Zpni X Zyni, wpni) (n; € N) for every i =1,..., N, except at most one
J, for which either (G;, ulg;) ~ (Zz,ug) or (Gj,ulg,) ~ (Zom X Zym,ugm) (m € N)

(vii) if G is a finite, abelian group and u € A(G) is non-degenerate, then there exists a unique
(up to rearrangements) group presentation for which

(g’ u) ~ <>< i, ®u gi)

=1

where each G; is a p;-group, with the p;’s pairwise coprime, and ulg, € A(G;) is non-
degenerate (1 = 1,...,n). If there exists (unique) j = 1,...,N s.t. G, is a 2-group
and its decomposition in point (vi) contains a (unique) Fermi factor (Zs,ug), then
(G,u) ~ (Zyx Ay, urp®@u|a, ); otherwise G is of central type, i.e. it admits a non-degenerate
(normalized) 2-cocycle/multiplier w € Z*(G, T).

Remark II1.5.2
Following a well-known Scheunert’s construction (see [72]), every u € A(G) gives rise to some u €

—1if (9,9') € A_ x A_

+1 otherwise
Then, it is easy to verify that w := uou € A(G) C A(G). In particular, if G is a finitely generated
abelian group, then (by Lemma 2 in Section 5 and Theorem 2 in Section 6 of [72]) there exists
a well-defined epimorphism between the 2-cohomology group H*(G,T) of G and the group of
alternating bicharacters A(G) on G

A(G). Indeed, let ug € A(G) be the bicharacter defined by ug(g, ¢') :=

Alt: H*(G,T) — A(G)
W] = [(9,9") = w(g,g")w(d,9)]

in which case @ = Alt([w]) for some representative w € Z*(G,T) (in particular, w can be chosen
in B(G)). For instance,

® UgUr = ]IZQXZ2 = Alt([]lszzzb

01
® Uglgn ~ Wan, for every n € N, and won = Alt(|w]), where w(x,y) = Cxt[O O]y, X,y €

Zion X Zign, ¢ € T primitive 2"-th root of unity. In particular, for n = 1, ugug ~ ws.

I11.6. The action of & on a twisted chain

~

From now on, we will deal with non-degenerate u € A(G) only. In a nutshell, as exposed in the
previous section, the reason of this assumption is that in such a case the flip map ®, realizes
an involutive *-automorphism of 8 @ B which intertwines the product action of G x G, and a
fortiori the diagonal action of G.

For each n € N, define the discrete segment n := [1,n] = {1,...,n}, the symmetric group &,
consisting of the n! permutations of n, and the n — 1 adjacent transpositions m; := (i i+1) € &,
(t=1,...,n—1). Then, the C-linear extension of the map

Wi(bl@"'@bz’@biﬂ@“'@bn) ::U(biybi-i-l)bl@"'@bi+1@bi@"'@bn7

defined on the elementary tensor products of homogeneous elements, isometrically extends to
an element of Aut(2(,,). This is just a particular case of a more general fact, as the following
proposition shows. As a premise, fix p € &, and let Z, := {([,k) e n x n: | < k, p(l) > p(k)}
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2
with the Kendall 7-distance Ky4(p,id,) of p from the trivial permutation id,,. Also notice that
if ¥: n xn — n x n is the switch bijection, Z,-1 = (p x p) 0 X(Z,). We then have the following

be the set of inversions of p. Its cardinality is inv(p) := |Z,| € {0, e n) }, which coincides

Proposition I11.6.1
Each p € G,, induces an element of Aut(2(,,). Moreover, for every homogeneous b, € B,

pr @ @by) = [ wlbibe) bo) @ -+ @ by - (I11.8)

(l,k)EIp,1

Proof.

Since the n — 1 adjacent transpositions of n form a generating set of the group &, ~ 5,
by the previous discussion, each p € &, induces an element of Aut(2(,). As concerns the
formula, it suffices to prove it for any product p of N adjacent transpositions, with N > 1. We
shall do it by induction on N. For N =1,ie. p=m = (i i+ 1) forsomei=1,...,n— 1,
Z,» =7, ={(i,i+ 1)} and the formula reduces to the one exposed above. Let us suppose
that the result holds for some N > 1 and prove it for N 4+ 1. If p is a product of N adjacent
transpositions, then for every ¢ = 1,...,n — 1, by inductive hypothesis we have

(mi0p)(by @ -~ @ by)
= w(bi, br) w(bp(iy, bogin1)) (Do) @« ++ @ bp(ir1) @ by(iy @ -+ - @ b)) -

Here, we are using the standard convention of reading the composition of cycles from right to
left, as for general functions. We are done if we prove the following equality:

u<bp(7,)7 bp(i+1)) H u(bl7 bk) = H u(baza by)

(Lk)EL, 1 (a:,y)GI(pMi)_l

or, equivalently,

w(bpiy, bpisny) [ wlornbe) [ wlberby) =1. (I11.9)

(Lk)ET, 1 (z.)€T

7'riop*1

(Recall that a composition of two permutations on an elementary tensor product acts on the
indices by reversing the composition).

Firstly, suppose p(i) < p(i+1). Then, (z,y) € Z,,0p,—1 if and only if either (z,y) = (p(3), p(i+1))
or (z,y) € Z,~1 and satisfies one of the following seven cases:

(1) pHy) <pH(x) < (5) pHy) =i+ 1<pi(z)
(2) p7Hy) <i<i+l=p'(z) (6) i+1<p(y) <p'(z)
3) p iy <i<i+l<p'(x) (7) P (y) <i=p'(2)

4) pHy) =i<i+1<pi(z)

In other words, Z,,.,-1 = Z,~1 U{(p(i),p(i + 1))} and Equation IIL1.9 follows. Instead, if
p(i +1) < p(i), then Z,-1 = Zo,-1 U{(p(i + 1), p(¢))} and again Equation IIL.9 is satisfied. OJ

For each n € N, if j,,: 2, — 2 is the canonical embedding of 2, into 2 and p € G,,
Jnop: A, — A extends to a well-defined *-automorphism of 2 by universal property of the
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C*-inductive limit. We can say more. Let & be the finitary symmetric group on the set N, i.e.
the group of permutations of N leaving fixed all but a finite amount of elements (it is a normal,
conjugacy-closed subgroup of the symmetric group Sy on N). It can be built from scratch as the
direct limit of the system (Gn, Gnm)n<m, Where the connecting map ¢, : S, — S, embeds
each p € G, into G,, as the unique permutation of m which act as p on the first n elements

and leaves the elements in m\n ={n+1,...,m} fixed. The groups &, are then canonically
embedded in & and form an ascending chain of subgroups of &. Explicitly,
—hm Gn U Gn
neN

Now, there exists a unique group representation of & on 2. Indeed, for each i € N, let
®; € Aut(l) be the isometric extension to 2 of the adjacent transposition m; € Aut(2;41). In
particular, ®; is involutive. Firstly, there exists a unique representation of the free (non-abelian)

group F over N
II: F — Aut()

w»—)@ilm--o@in
where 4y - - -4, is the (unique) reduced form of the word w € F. (Since the ®;’s are involutive,

this group representation is not faithful.) Secondly, we have the following

Theorem II1.6.2

Let p € & expressed (not uniquely) as a finite product of adjacent transpositions p =
T\ Ty T, (i € N, k= 1,...,n). Then, the assignment p — «, := ®;, 0--- 0 ®; real-
izes a well-defined, pointwise norm-continuous action & A 2. Moreover, a commutes with the
diagonal action 8 of G on A: 6 o = @06 . The action « is faithful provided that B # C.

Proof.
It is well-known that & = (F | R) where R is the set of relations in F

i2 =1

intnik = tnykin (K> 2)

Infni1ln = bni1lnini1
for every n € N. (This is the so-called Coxeter presentation of the finitary symmetric group
S). Since the normal subgroup N C F generated by the relations above lies in ker(IT), then
IT passes to the quotient modulo N, yielding a well-defined representation IT of & on 2. It
is easy to see that II = «. Indeed, we already observed that the ®; are involutive and, easily,

D0, = P, 0P, for every k > 2. Lastly, the third relation is guaranteed by the Yang-Baxter
equality, satisfied by ¢, on B, @ B, @ B,

(Qy @ Ip,) o (I, @ Py) 0 (P @ Isp,) = (Is, @ Dy,) 0 (P @ I3,) 0 (I, @ Py),

then extended to B @ B @ B. Since G is discrete, « is clearly pointwise norm-continuous. That
o commutes with 6% is easily verifiable on the total set of localized homogeneous elements of
2. Lastly, if B # C, « is also faithful. Indeed, if p € &\ {idy}, there exist n,k € N s.t. k <n,
p € S, and p(k) # k. Let b, € B\ Cly be homogeneous and b; = 1y for every j # k. Then,
by (I11.8),

Qp(bo@...@bk@...@bn@...):Oép(]l%@...@bk@...@]l%@...):
Zp(]lq;@---@bk@---@]l%)@]l%@---:
:(]1%@...@ ly @---@ by, @...@]1%)@]1%@...
~—~ ~~
kth—place p~1(k)th—place

@ @b @ @by @ -
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i.e. o, # idy. O

Theorem I11.6.2 yields a new C*-system (2, &, ). We conclude this section by reporting and
demonstrating a combinatorial estimate which will be of primary importance in the investigation
of the ergodic theory of the C*-system (2, S, «). In words, it essentially states that the non-
disjoining permutations in G are quite “rare”. For completeness, we give this “rareness” result
also for the family A of finite even permutations of N, the finitary alternating group. It is a
simple, normal, index 2 subgroup of &.

Lemma I11.6.3 (Combinatorial estimate for non-disjoining permutations)
Let m,n > 1. For sufficiently large IV, there exists some positive constant C,,,, > 0 (depending
on m,n only) such that

{peGn:mnpm) # 2} _, [{p € An: mNp(n) # 2}
(N —1)! (N —1)!

S Cm,n .

Proof.
(N —m)(N —n)!

For each N > m + n, set Dym, = [{p € GN: mNp(n) = T} = N (mim) By
Stirling’s approximation formula, when N is sufficiently large,
Dymn (N =m)(N —n) o — 1-%)0-%) Ao
N! N(N —m —n) 1 — min
where
AN.mn = (N—=m)log(N —m)+ (N —n)log(N—n)—Nlog(N)—(N—m—n)log(N—m—n) =

( )lo
=N [(1= R e (1= ) + (1= ) os (1 ) = (1= P57 ) toe (1= P50

:_m<1—%>—n<1—%>+(m—|—n) (1—m;n>+o(1):—m7n+0(1)

after performing a 1%%-order MacLaurin expansion around N~'. It follows that

5= (1- 350 (1-36) 0 75) (- 24 200079 -1 2o

N ON ON ON N N
whenee {pes m42) . D
p €GN mNpn [0} Nomn  2MnN g
_1_ PNman _ N-2).
NI N NtV

In particular, there exists C,, ,, > 0 such that

{r € &n: mNp(n) # o}

(N —1)! -
(N—m)! (N—n)! DN
Lastly, we see at once that [{p € Axn: mNp(n) = 2} = (i_(mﬂf))! = Q’m’n, so that
2
N!'— Dy
[{p € An: mNp(n) # G} = —— ==,

and the proof is accomplished. [J]
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I11.7. Ergodic theory of (2, S, «)

A state w € S() is called symmetric if it is G-invariant, that is w o a, = w for every p € .

As seen in Section I11.2; the family Sg(2A) of the symmetric states is a convex and weakly-*
compact subset of S(2), with extremal points forming £ () # @, the family of the (&-)ergodic
states. We also remind that, for each w € Sg(2), the compression (or corner) map

E.B(H,)E, — B(HS)
E,XE,— X© = E,X|ye

is a "-isomorphism of C*-algebras, identifying Ewﬂw(Ql)E with an operator system 7, (2)° C

B(HS) acting upon HS. Observe that, for € A, 7,(z)° = 0 if and only if 7, (z)HS C (HS) .

Theorem II11.7.1 (Commutation and Anticommutation Relations in m,(21)°)
Let w € 86(91) and z,y,a,b € 2 homogeneous. Then,

{7Tw w G} = (1 + u(xvy»ﬂ—w(x)e’m.u(y)e
(i) [m(flf)g,m(y)G] = (1 —u(z,y))mu(z) 1 (y)®

(ii1) M{w(alz, p(W)]0)} = (1 = u(z,y)) u(b, y) (m(a2b) T () "urs €u) e

In particular, if 7, (2)® € B(HS) is non-zero, then u(z,z) = 1 and 7, ()€ is normal.

Proof.
We start from homogeneous z,y € 2, respectively localized in the discrete segments t := [1, ]
and u := [1,u] (¢,u € N). By the celebrated von Neumann ergodic theorem,

{Bumo(2) Bw, Eumo(y) Eu} = M{E.m,({2, p(y) }) Eut = s-lim Z Eomo({z, p(y) }) B

N—+oo N
PEGN

Let v := max{t,u}. For each N > 2v, consider the family 'y, := {g € Gn | v p(v) = &} of
permutations of N := [1, N| which fully displace v. Then,

Z Ewﬂw {I Py Z E,my, {:1: Py )})Ew+ Z Ewﬂ-w({xap(y)})Ew =

PEGN PElN » PEl N W
(Ltu(y) Y Bumo(rp) Bt Y Eomu({z.p(y)}) Es =
peFNv ngN'U

= (1+u(z,y)) Z B (zp(y)) Eu+ Z (Ewﬂw({x,p(y)})Ew—(l—l—u(x,y))Ewww(a:p(y))Ew>

PEGN PEIN v

= (1+u(z,y) > Buru(zp()Es+ Y Eom(p(y)z — u(z, y)zp(y)) E,

PEGN PELN v

By Lemma I11.6.3, the norm of the second addendum above is o(N!) as N > 2v tends to +o0:

Y Eumu(p(y)r — uley)epy)) E. <— > [letw)e = ule yaety)|

[LARNRY P¢FN v

|F§V,’ Cy NT+oo
< 2|z |[lyll —

< 2llzllllyll w7 0.
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108 CHAPTER III. SYMMETRIC STATES FOR KLEIN C*-CHAINS

Therefore, by passing to the limit as N tends to +oc:

{Eomo(z)E,, Eumo(y)Eu} = (1 +u(z,y) slllgoﬁ eze; E,m,(xpy
PEON

= (1 +u(z,y)) slim — Z Eomo(2)Us(p)mu(y) By = (14 u(z, y)) B (2) By (y) By

N—)-I—oo
PEGN

and equality (i) is established for localized homogeneous elements x,y € 2.,. Now, since for

~ —
every o0 € G, A, = (A), , if z,y € A are any pair of homogeneous elements and ¢ € (0, 1),
there exist z.,y. € Ao s.t. dr. = dz, QY. = Jy and ||z — x|, ||y — yella < &. Tt follows that

||Ew7Tw(w)Ew7Tw<y>Ew - Ewﬂw(xe)Ewﬁw(ys)EwH < 5(||$|| + Hy“ +¢€)
“{Ewﬂw(m)Ew: Ewﬂ'w@)Ew} - {Ewﬂw(xa)va Ewﬁw(?Je)Ew}H < 2e(||z|| + llyll +€) -

By arbitrariness of € € (0, 1), equality (i) is then established for any homogeneous elements
x,y € A. A similar proof holds for (ii).

As concerns (iii), firstly observe that for every a,b,z,y € 2, both M{w(azxbp(y))} and
M{w(p(y)axdb)} are always perfectly meaningful, as

Miw(azbp(y))} = (T (azd) Eum (), §u)
Miw(p(y)azd)} = (1 (y) Eumw(axb)8u, §u) -

Now, if a,b, z,y are homogeneous and belonging to 2, by reasoning as above we get that
MAw(azp(y)b)} exists too, as

M{w(azp(y)b)} = ulb, g) M{w(azbp(y))} (I1L.10)

To extend Equation I11.10 to every homogeneous element in 2, we observe that for any € € (0, 1),
there exist ac, zc, Ye, b € Aoy 8.8, Ja. = Ja, 0z, = Oz, dy. = Oy, 0b. = Jb and |w(axp(y)b) —

. 1 1
w(@exep(ya)be” <e. In partlcular, ﬁ Z w(axp(y)b) - ﬁ w(@emep(ye)bs) <ég, N >1.
PEGN PEGN
1
Since { Z w(aczp(ye) )} converges, {ﬁ Z w(aazp(y)b)} is a Cauchy sequence
PGGN N pEGN N

in C, thus convergent as well.
It means that M{w(azp(y)b)} exists and M{w(azp(y)b)} = ligr}r M{w(a:z.p(y:)b:). By analo-

gously approximating M{w(azbp(y))}, we get Equation II1.10 for any homogeneous elements
a,z,y,b € 2A. Similarly,

M{w(ap(y)zb)} = u(a, y) M{w(p(y)azb)} (IIL.11)
By Equation III.10 and Equation III.11,
M{w(azp(y)b)} = u(b, y) M{w(azbp(y))} = u(b, y) (7 (azb) Eume,(y)Ew, Su)

M{w(ap(y)rb)} = ula, y) M{w(p(y)azb)} = u(z, y) u(b, y)(mw(awb) Eumy(y)Ew, &u)
where we used point (i). Therefore, M{w(alz, p(y)]b)} = (1—u(x,y)) w(b, y)(m,(axb) Eymw(y)Ew, Eu)s
that is (iii).

Lastly, by exploiting (i) or (ii) with y := x*, we get
E,m,(x")Eym,(2) By = u(x, ) Eyny(z) Eymy, (%) E,, .

If E,7,(z)E, is non-zero, || E,m,(2)E.£|* = u(z,2)||E,m, (%) E£]]* > 0 for some & € H,,. It
follows that u(z,z) = 1 and m,(2)® is necessarily a normal operator on HS. In particular,
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e ran (Ww(I)G) = ran (WW(ZL‘*)G)

o ker (m,(2)®) = ker (m,(2*)®) =ran (7rw(av)6)L = ran (7Tw(x*)6)L

and the proof is accomplished. [

Thanks to Theorem II1.7.1, we can give a necessary and sufficient condition for a symmetric
state w € Sg(2) to be G-abelian, a crucial property for the upcoming De Finetti theorems. For

w € Se(2A), let spt(w) = [Ay: wla, # 0] = [Ao: m,(Ao)éw £ CE&,]. Also, let AL = A\ {1} C G.
If o€ A%, let T, := A%\ {o}"* = {r € A% : u(o,7) # 1}. Then,

o T, is a (possibly, empty) symmetric subset of A%
L TU = To-fl

e 7T, if and only if o € T,

G
In particular, 7, (@ QlT> is a *-closed operator space in B(HS). We are now ready for the

TGTO‘
investigation of the ergodic properties of Sg(2(). It will turn out that every symmetric state

satisfies an invariance property, in general weaker than the G-invariance one.

Corollary II1.7.2 (Ergodic properties of symmetric states)
Let w € Sg(2A). Then,

(i) spt(w) C [RAo: mu(Ae)T # {0}] C [As: 0 € AL
In particular, w is Aj-invariant, where Ay = {g € G: o(g) = 1,0 € A,} is the
annihilator of A,.

(ii) w is asymptotically abelian in average if and only if for each o € A%, 7 € G s.t. u(o, ) # 1,

()% € [ [ ker(mu(zb)) | NHS (II1.12)

meﬁl‘r
beA

(ili) w is G-abelian if and only if for each o € A%,

S
T (U) S HS L 7, (@ 91) HS (111.13)

TETO‘

Proof.

Given a homogeneous x € spt(w), we have 0 < |w(z)| < |[|[E,mo(z)E,||. Therefore, by The-
orem IIL.7.1, u(x,x) = 1ie. z € [A,: 0 € Ay] and point (i) is accomplished. As concerns
(ii), by point (iii) of Theorem II1.7.1, if z,y, a,b € A are homogeneous and u(z,y) # 1 (where
we can suppose dy € A%, taking advantage of point (i)), then M{w(a[z, p(y)]b)} = 0 if
and only if (7, (20) Eu7w(y)éw, mw(a®)€,) = 0. By density of 4 2l, in 2 and cyclicity of &,

oeG

7o (2b) 7, ()€, = 0ie. m,(y)°&, € ker(m,(2b)). Lastly, point (i) along with an easy application
of point (ii) in Theorem II1.7.1, implies that for homogeneous z,y € A, [m,(z)°, m.(y)°] =0
whenever 0z € A_, Oy € A_ or u(x,y) = 1. That allows us to reduce to the case where 0z € A7}
and 0y € Tp,. In this situation, again by point (ii) in Theorem I11.7.1, [Ww(ZL‘)G, Ww(y)G] =0 if
and only if 7, (2)°7,(y)® = 0, that is

<7TUJ(‘T*)6€’ Ww(y)6n>7-l = Oa 5777 S HS
or ran (ﬂ'w(l‘)G) = ran (Ww(a:*)G) 1 ran (Ww(y)G), whence Equation I11.13 follows. [
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110 CHAPTER III. SYMMETRIC STATES FOR KLEIN C*-CHAINS

Remark II1.7.3
Ai is evidently a closed subgroup of GG, hence compact. Point (i) in Corollary I11.7.2 tells us
that Sg(A) C S AL (). Observe that S AL () is a weakly-* compact and convex set, which

contains Sg(A).

Apparently, Corollary I11.7.2 raises issues on the feasibility of the ergodic analysis of symmetric
states on a twisted chain. Precisely:

(1) when u is symplectic, i.e. A = G, then Az = (0) and point (i) of Corollary I11.7.2 does
not say much about the group action invariance of w. This is not good news, since every

non-degenerate u € A(G) is symplectic whenever, for instance, either G has finite odd
order, or G =7Z", n > 2.

(2) asymptotic abelianness in average might be hard to achieve from Equation I11.12, when
Tw(Ae)©&, # {0} for some o € A%

(3) even Equation II1.13 in point (iii) is not easy to apply in general, since the explicit form
of the GNS covariant representation (H,, m,, Uy, &, ) of a symmetric state w € Sg(A) is,
to the best of our knowledge, unclear, let alone the U, (&)-invariant Hilbert space HS.
We only observe that if (G,u) ~ (Z2,w,) for prime p > 3 (see Section IIL.5), one can
prove that for cach o € Z2\ {0}, (0)* := (o) \ {0} = {r € Z2\ {0}: u(o,7) = 1} and
Equation II1.13 translates into

&

S
| P A (HS)Lm(@mT) (HE), o€ A*.

TE(o)* T€T,

Nonetheless, we can at least fully overcome question (3) by requiring the non-degenerate
bicharacter u € A(G) to satisfy ula, =1 (in general, u|la, € A(AL) is just alternating). This
requirement, though resulting to be significantly restrictive, provides us a new model, never
addressed before, upon which the ergodic theory of symmetric states can well be performed:
the Klein twisted chain. The following simple algebraic result in group theory explaines why.
We take the occasion to express our gratitude to the anonymous user of Mathematics Stack

FEzchange who gave elucidations on this result (see [111]).

Proposition 111.7.4
Let G be a discrete abelian group and consider a non-degenerate, skew-symmetric bicharacter
u € A(G) s.t. ula, = 1. Then, one of the following occurs:

(1) G=(0), u=1and A; = (0) (¢trivial bicharacter)
(2) G = Zs, u~ up and A, = (0) (Fermi bicharacter)
(3) G = Zo X Zy, u~ug and Ay = Zsy (Klein bicharacter)

Proof.
Recajlrl that |G: Ay| <2. If |G: A | =1 (i.e. Ay =G), then u = 1, thus it is non-degenerate
if and only if G = (0). Therefore, from now on, suppose |G: A,| = 2. The inclusion map
v: A < G induces a canonical surjection m: G —» 3: s.t. | kerm| = )Q//A\Jr‘ = |Zy| = 2. Since
u is non-degenerate, the map
v GG
g+ ulg,-)
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is a group monomorphism. On the other hand, since u|a, =1, the composition

Yoo o~ T T~

A+ —> g —» A+
is the trivial homomorphism. This means that (v o ¢)(A;) C ker 7 and hence
A] = (yo0)(A)] < [ker] = 2.

Since |G: A;| = 2, this forces G to have order 2 < |G| < 4. More correctly, since |G| =
1G: AL||AL] = 2|A4], |G] = 2,4. If |G] = 2, then G = Z, and there exists a unique non-
degenerate bicharacter u € B(G). Precisely, u ~ ug, thus u is skew-symmetric (equivalently,
symmetric) and A, = (0). If |G| = 4, then either G = Z, or G = K4 = Zy X Zy. On the one
hand, the only two non-degenerate bicharacters on Z, have the form

us(o,7) =177 (0,7 € Zy)

for e € {1}, thus they are symmetric, but not skew-symmetric. On the other hand, Ky admits a
unique (up to equivalence) non-degenerate skew-symmetric bicharacter s.t. |Ky: Ay| = 2, that is
ug € A(Ky). Observe that Ay = {(0,0),(1,1)} and ux|a, xa, = 1. Therefore, G = Ky = Zy x Zs
and u ~ ug. O

As already mentioned, by point (iii) in Corollary 111.7.2, if G (and, consequently, the group G
acting on the tensor factor algebra %) is one of the three ones resulting from Proposition I11.7.4,
any symmetric state w € Sg(2) must be G-abelian. The first two cases were thoroughly
studied by Stgrmer in [76] and Fidaleo in [31], respectively. We briefly report their results in
the following two subsections. For starters, we define the Stgrmer’s shuffles as the sequence
(pn>n21 C 6 s.t.

jH2mtifje2rt ={1,...,2""}
pn(j) =K j—2ntifje2n\2n = {2t 41, 2"} (I11.14)
Jitg>2"+1

for each n > 1. For completeness, notice that p; = (1 2) and that p, € Aan for every n > 2,
since the number of inversions of p, is inv(p,) = 2*"72 (n > 1).

II1.7.1 G =G = (0), ® = ®: the trivial twisted C*-chain

This is the case where no twists are involved, and 2 corresponds to the infinite (minimal)

C*-tensor product 2 := ® B analyzed by Guichardet in Sections 2.3, 2.4, 2.5 and 2.6 of [43]
neN

(p. 18-28). The following result combines Lemma 2.1 in [76] (p. 52), Theorem II1.2.8 and point
(4) in Theorem 3.1 of [77] (p. 9). Observe that 2 is abelian, simple, nuclear, or separable if and
only if B is (since minimal tensor products and C*-inductive limits preserve these properties,
see for instance [78]).

Theorem IIL.7.5

Let 8 be a unital C*-algebra and 2 its minimal C*-chain, upon which & acts canonically by

permutations of the indices. Then, lirf l[pn(a), b]|| = 0 for every a,b € 2. Consequently, the
n—-+o0

C*-system (2, &) is asymptotically abelian and & acts largely on 2[. In particular, the family
of symmetric states Sg(2) is a Choquet simplex.
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112 CHAPTER III. SYMMETRIC STATES FOR KLEIN C*-CHAINS

The largeness of the G-action on 2 also guarantees the existence and uniqueness of a o-weakly

continuous, G-invariant expectation ®,,: 7, (A)" — 3, N U,(S)’ for any w € Sg(A), where

3w = m,(A) N7, (A)" is the center of the GNS von Neumann algebra 7, (2()” (see Theorem 3.1

in [77], p. 9). Moreover, (®, om,)(a) = w—ljign(ww opn)(a), a € A (see Lemma 2.6 in [76], p. 56).
n—-+0o0

To complete the ergodic description of Sg(2), Stermer also characterizes the elements in Eg(2A)

(i.e. the ergodic symmetric states of 2) as the ones of the form H Y, with ¢ € S(B) any
neN

fixed state of ®B. Precisely, Theorems 2.7 (p. 57) and 2.8 (p. 58) in [76], Theorem II1.2.3 and
Theorem I11.2.7 give the following remarkable unified result.

Theorem II1.7.6 (Characterization of £g(2(), 2 minimal C*-chain)
Let w € Sg(A). Then, the following are equivalent:

(i) we ()
(il) w is strongly clustering: lim w(p,(a)b) = w(a)w(b), a,b € A

n—-+o00

(iil) w is weakly clustering: 11%2 : |w(zb) —w(a)w(b)| =0, a,b e
zeco(G-a

(iv) there exists ¥ € S(B) s.t. w = H (0

neN

neN )
in S(A). Precisely, (S(B), 7,+) and (Es(A), Tp+) are homeomorphic via the mapping

L: S(B) — Es(A)

Y= []v

neN

In particular, Eg(2A) = {H 1/1} is weakly-* closed, thus making Sg(2l) a Bauer simplex
PES(B

Lastly, there exists a G-invariant, densely ranged p.u. map of C*-algebras
T:A — C(Es(A))
s.t. its transpose T": M;(Es(A)) — Ss(21) is an affine homeomorphism.

We can then conclude the present subsection by recovering the following version of De Finetti
theorem for minimal C*-chains.

Theorem II1.7.7 (De Finetti theorem for minimal C*-chains)
Let (A, &) be the C*-system associated to a unital C*-algebra B, as in Theorem II1.7.5. Then,
for each ¢ € Sg(2), there exists a unique <-maximal p, € M;(Se(2)) s.t.

ola) = / w(@) dug(w),  aed. (IIL.15)

Se(2)

In particular, yu, is pseudo-supported by () = {H w} ie. p,(B) =1 for every
neN ) pes(B)

B € By(Ss(2)) containing Es(2A). The relative weak-" topology on the unit ball By of 2" is

metrizable if and only if 9B is separable (equivalently, countably generated), in which case p., is

supported by Eg(2A) and Equation I11.15 becomes

ola) = / w(a) dpg,(w), aec. (I11.16)

Es ()
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Proof.

This is a restatement of Theorem I11.7.5, Theorem I11.2.3, Proposition I11.2.4 and Theorem II1.7.6.
Notice that the relative weak-* topology on the unit ball By is metrizable if and only if 2 is
separable (see Theorem 2.6.23 in [95], p. 231), or equivalently B is. [J

II1.7.2 G=G =17, @=®: the Fermi twisted C*-chain

This case was firstly studied by Crismale and Fidaleo in [18] in the particular situation where
B, = B := M,(C) for every n € N and the inner action Z, A M,(C) is defined by 3, =
ad[é 0] E Zo = {0,1}, so that B = My(C) @ Ms(C)_ = spanc{ E11, Fag }@spanc{ E12, Fo1 }.
Once defined the CAR (Canonical Anticommutation Relations) algebra as the (unital) universal
C*-algebra CAR(N) := C* (aj,a; a; = a}, {aj,ar} = {a},al} =0, {a},ak} =d0;xl, 5.k € N)
and the Fermi twisted C*-chain of B as A := n(é)N‘B (where ® is the twisted tensor structure

induced by the unique non-degenerate bicharacter of Z; & 7o, up € A(Zy)), the map defined on
the matrix unit at the n-th site (n € N) by
¢: A — CAR(N)
Eﬁl) = anal
EW — a,
B
EW — ala,
is a C*-algebra isomorphism (here, we have identified Ez(j”) with its image under the canonical
embedding 1, : B, — @N%). The analysis was then generalized by Fidaleo in [31] to a
ne

Fermi C*-chain of a general unital C*-algebra Z,-graded B. The interesting outcome of
this analysis is the following: every symmetric state w € Sg(2() on a Fermi C*-chain 2 is

®)
necessarily even, that is invariant under the action Z, ~ 2 (or equivalently w o © = w, where
0 := (6V¥), = ®Nﬁ1 = ®N19 € Aut(2(), ¥ € Aut(*B) being the involutive automorphism realizing
ne ne

the Z,-grading on B8). In other words, Sg(A) C S+ () = S(2A). The following result combines
Theorem 5.1 (p. 17) and Propositions 5.4 (p. 19) in [31].

Theorem III.7.8
Let (B, Zs, f) be a C*-system and 2 its Fermi C*-chain, upon which & acts by permutations
of the indices as exposed in Section II1.6. Then, each w € Sg(2) is

(i) even: wod¥ =w
(ii) asymptotically abelian in average: M{w(c[p(a),b]d)} = 0 for every a,b,c,d € A
Consequently, & acts largely on 2 and Sg(2l) is a Choquet simplex.

Again, the largeness of the G-action gives a unique normal, G-invariant expectation ®,,: 7, ()" —
3. NU,(G) for each symmetric state w € Sg(2A), satisfying

(@, 0m)(a) = M{(m, 0 p)(a)}, @€

in the weak operator topology of B(H,,) (see Proposition 5.5, p. 19, in [31]).
It is really worth noticing that the asymptotic abelianness property of (2, &), as defined by
Stgrmer in [77], p. 17 (see Section II1.2), abruptely fails to hold in general, in the Fermi

10

12

14

16

18

20

22

24

26

28

30

32

34



10

12

14

16

18

20

22

24

26

28

114 CHAPTER III. SYMMETRIC STATES FOR KLEIN C*-CHAINS

twisted case. For instance, if B is a non-abelian Zy-graded C*-algebra and a,b € B_ (with a
selfadjoint), then for p € &

[0, ®1s ® ... £0 if 1 € Fix(p)

b = £1¢ Fi
[p(a), b] {_2@%@...@]1%@b@]l%@)---@]l%@a@]l%@..-)7§0 if 1 ¢ Fix(p)

so that there cannot exist {pnqtneny C S s.t liril |[pn.ala),b]]| = 0.
n—-+00

This is why in order to accomplish results (i) and (ii) in Theorem II1.7.8, the combinatorial
Lemma I11.6.3 (unnecessary to Stgrmer in the trivial twisted case, but exploited by us to achieve
Theorem I11.7.1) is really required here. It will be of primary importance for the investigation
of the third case too.

In the spirit of Stgrmer’s work, Eg(2) is fully descripted in the Fermi case too. Let us collect
Corollary 5.2 (p. 18) and Theorems 6.1 (p. 21), 6.3 (p. 24) of [31] in the following result.

Theorem II1.7.9 (Characterization of £g(2(), A Fermi C*-chain)
Let w € Sg(2A). Then, the following are equivalent:

() we Es(A)

(i) w is strongly clustering: lim w(p,(a)b) = w(a)w(b), a,b € A

n——+o0o
(ili) w is weakly clustering in average: M{w(p(a)b)} = w(a)w(b), a,b e A
(iv) there exists ¢ € S4(B) = S(B) s.t. w = H 0

neN

In particular, Eg(A) = {H w} is weakly-* closed, thus making Sg(2) a Bauer simplex
neN YESL(B)
in S(A). Precisely, (S+(B), 7y+) and (Es(A), 7+) are homeomorphic via the mapping

LS4 (B) — Es ()

Lastly, there exists a &-invariant, densely ranged p.u. map of C*-algebras
T:A — C(S5:(B))
s.t. its transpose T": M (S4(B)) — Ss(2) is an affine homeomorphism.

From Theorem II1.7.8, Theorem II1.2.3, Proposition II1.2.4 and Theorem II1.7.9, De Finetti
theorem for Fermi twisted C*-chains now becomes as follows.

Theorem II1.7.10 (De Finetti theorem for Fermi twisted C*-chains)
Let (2, &) be the C*-system associated to a unital C*-algebra Zs-graded B, as in Theorem T11.7.8.
Then, for each ¢ € Sg(2), there exists a unique <-maximal i, € M;(Ss(2A)) s.t.

ola) = / w(@) dug(w),  aed. (IIL.17)
Se ()

In particular, p, is pseudo-supported by Eg(A) = {H w} ie. py,(B) =1 for every
PESL(B)

neN
B € By(Ss(2A)) containing Es(2A). The relative weak-" topology on the unit ball By of 2" is
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metrizable if and only if B is separable (equivalently, countably generated), in which case ., is
supported by Eg(2A) and Equation I11.17 becomes

ola) = / w(a) dpg,(w), aec. (IT1.18)
Es(2)

I1.8. G=0G=K,, @=®: the Klein twisted C*-chain

Here we are with the last case where a satifying ergodic analysis of Sg(2() can be performed: the
Klein twisted C*-chain. Let K, := Zy X Zs be the Klein 4-group, acting on a unital C*-algebra
B. Clearly, K, = K, and the bicharacter on K, ug(x,y) == (—1)xt[(1) ik (x,y € K4) introduced
in Equation II1.7 is non-degenerate, skew-symmetric and non-symplectic. Moreover, A, =
((1,1)) & Zy and u|a, = 1. Since the annihilator Ay of A} is again {(0,0), (1,1)} = ((1,1)),
we can identify it with A, itself, even if the latter formally lies in the acting group K,, while
the former in its isomorphic dual f(z. Since we are going to deal with this situation only for
the whole present section, this choice of notation should not confuse the reader. We start with

a result analogous to Theorem II1.7.5 in the case G = (0) and to Theorem II1.7.8 in the case
G == ZQ.

Theorem III.8.1
Let (B, K4, 8) be a C*-system and 2 its Klein C*-chain, upon which & acts by permutations
of the indices as exposed in Section II1.6. Then, each w € Sg(A) is

(i) ((1,1))-invariant: w o §¥12+) = w. In other words, w € Sa, (2) = S(A0.0) © A11))-
(ii) asymptotically abelian in average if and only if
(106 € er(m (b)), ker(m(yb)
for every b € 2, x € 10), ¥y € A0,1)-
(iii) G-abelian
Consequently, Sg(2l) is a Choquet simplex.

Proof.

These are simple restatements of points (i), (ii) and (iii) in Corollary I11.7.2. For point (iii),
observe that o € A% if and only if o = (1, 1), in which case T,, = @, thence the necessary and
sufficient condition Equation I11.13 for G-abelianness of w is trivially satisfied. Therefore, every
w € Sg(2A) is G-abelian, or equivalently Sg(2() is a Choquet simplex, by Theorem I11.2.5. [J

Theorem II1.8.1 does not guarantee largeness of the G-action. Anyway, we can still try to
recover a full description of Eg(2A). To accomplish that, we firstly need to show that the
product functional of two A, -invariant states on a C*-system of the form (B, K4, ) is always
algebraically positive on the involutive algebra B ® 28, hence providing a well-defined GNS
representation of B ®*B consisting of bounded C-linear operators on a Hilbert space. Before this
result, we would like to point out that if w € Sa, (B), then its GNS A -covariant representation
(o, Tw, &0, Us,) of B induces a Ky-covariant representation (£%(Zy) @ H,,,I1, V) of B by the
formulas
{H(b)(éw ®8) =0, ®m, (Bio(0) & 2ELybeBEEMH,
Viey) =30’ @UY, 1,y € Zs

where Y¢2 € U(C?) is the swapping unitary operator of C?, implemented by the Pauli matrix

[96] w.r.t. the canonical basis {e1,es}. Evidently, IT is faithful iff 7, (equivalently, mog,, ) is.
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Lemma I11.8.2
Let (B, K4, ) be a C*-system and consider ux € A(Ky). If w, o € S(B) and spt(w), spt(p) C
Bo,0) D B, (equivalently, w, p € Sa, (9B)), then w x ¢ is a state on B ® B and

(% @)(@)] < (wx p)(a"2)"?, 2€BOB.

In particular, m, ., uniquely extends to a representation of 6 ® B acting by bounded operators
on the Hilbert space H xo-

Proof.
Let =Y a® @b =3 (o) +al )0 (B8 +00 ) € B ®B. Then,

i=1 i=1

= 32 (ol ) (4, )] (6 +8) 0 (02,410

ij=1
where for every 1 =1,...,n
(6, 2 )0 0,4 10)]" = (8.010)' 3 (e 00+ 3= (a2 08)'
gEA gEA

Hence, for each i, =1,...,n,

(6,402 ) 0 (82 -2 )] [0 +9) 0 08 2] -

= (a8, ©80)" - (@, ©8) + D7 (Byla) 0 1) (5(aX)) © 8P+

+ 3 (Bylal ) @ - () @) + 3 (0 @ BT (B,(a)) © b))+
£ 22 Bl @K (Bl 08+ 3 (Byal) ) @ b)) (By(aR)) @ 4)

and taking into account that spt(y),spt(w) € [B,: 0 € A,]

(wx ) ([(af] +al ) @ (o), + 0l )] [(ak] +aR’) © (o +21)]) =

= Y [<GA+®bA+) (agl@bgi)} i | S0 (8, (a2 ) 0 80)" - (8, (D) 080 ) | +

geEA_
+ Yup Z (59 (ag)f) © bg(yi))T : (69 (aXl) © b(A]),) + Ve [(GX), © bXQT : <a(A b(AjJr)} :

geEA_

(I11.19)
Now, for a fixed representative g € A_ = {(1,0),(0,1)},

e 5, (agl) = [3; <aA ) for g € A_ = {(1,0),(0,1)}. Therefore, the second addend in
Equation I11.19 becomes
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Vi, Z (6g(ag)4r)®béi)> <69<QA )Qb])> -

geEA_

=Yg [(ﬁgf (ad) © bX)_)T (B () o8] -

e 5, (aA ) fo—303 (aA ) for g € A_ ={(1,0),(0,1)}. Therefore, the third addend in
Equation I11.19 becomes

> (fomas (o) @)~ (Footy (o)) ©15)) =
geEA_
= > (fo3)* (B3 (e ) @ bff))T (85 (a¥ ) @R ) =
geEA_
() o) (50 () 00
Putting all together (once fixed g € A_ = {(1,0),(0,1)}),
T n
(w X p)(T*x) = Py (Za&@b ) : (Za%l@b%l) +
+ Py <Z B (aA+) > (Z By (GA+) > +

n t n -
ro | (S0 ) - (Saehen )|+
i=1

j=1

n T n
s (za@@bxa) - zax>@bx1)

i=1 Jj=1

All the four terms are manifestly positive, whence w x ¢ is a state on B®*B. The inequality in the
assertion is nothing but the Cauchy—Bunyakovsky—Schwarz inequality. Lastly, by Lemma I1.3.1,
Twxe uniquely extends to a representation of B ® B acting by bounded operators on the Hilbert
space Hyxyp. [

Remark I11.8.3
Observe that the last equality can also be re-written as

(WX @) (*x) = g (2] - 24) + Yuegp (21 - 22)

or

1o (2) il = \/|| (70 @ 7o) (1) (&0 ® &) B3 om, + 1 (Tuog © 7o) (2-) (Guwog @ €0) 31,500,

10

14

16

18

20

22



10

12

14

16

18

20

22

24

26

28

30

32
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where wog € S(B) and z4 = Za(i) ©) bg)i.

i=1

In view of Lemma II1.8.2, we can build an “intermediate” C*-norm on 8 ® ‘B based on products
of A -invariant states, which is compatible with the direct product action of K, x Kj.

Theorem I11.8.4

Let (B, K4, 3) be a C*-system. Then, || - [[a, := sup ||mwxe(-)] is a (8 x B)-compatible
w,cpESA+(%)

C*-norm on B ®B. In particular, ||z||min < [|2]|a, < [|2|lmax (2 € B ®DB), where the equalities
are simultaneously satisfied for every € B ® B if and only if B+ is nuclear.

Proof.

Evidently Sk, (B) C Sa, (B)", hence Sa, (B) x Sa, (B) separates the points of B ® B (cfr.
Proposition 11.9.3) and || - ||a, defines a C*-norm on B ® B. Now, if w € Sa, (B), then
wo By € Sa, (B) for every g € Ky. It follows that Sa, (B) x Sa, (B) is left globally stable by
the transposed action (8 x )" of Ky x Ky. By Theorem I1.10.5, || - |[a, is (8 x B)-compatible.
Lastly, by Theorem I1.12.3 and the very definition of the maximal C*-norm,

2] min < HxHA-'r <7 |lmax; zE€B OB,

where the equalities are simultaneously satisfied for every z € B ® 9B if and only if B54 is
nuclear, thanks to Theorem [1.17.4. [

Remark III.8.5

We remark that the C*-algebra B in the previous theorem has well a Zy-graded structure induced
by the restriction of the action 3 to any of the three order-2 subgroups of Ky, Ny := ((1,1)) = A,
Ny :={((1,0)) and N3 := ((0,1)). Nevertheless, the involutive algebra (B, K4, §) ® (B, K4, () is
in general not isomorphic to any of the algebras (B, Ny, 8|n,, ) ® (B, Ni,, B|n,, ), i1,72 € {1,2, 3}
Indeed, it is easy to verify that, if a,b € 28 are homogeneous,

(a® b)™* = (—1)21 (@), 0) — _g* @ p*
if and only if Ok, (a) - Ok, (b) = 1, which happens in exactly siz instances. On the other hand,
(0® b)*F = (—1)%% @ 0,0 _ g oy g
in exactly four cases, for any iy,is € {1,2,3}. It follows that in general the identity map
Inon: (B, Ki, B) ® (B, Ky, B) = (B, Niy, Bln,,) ® (B, Niy, Blw,)
is not selfadjoint, let alone a *-isomorphism of involutive algebras.

Without assuming the nuclearity of B, it seems unclear whether || - ||min coincides with || - ||a.
or not, since in general Sa, (B) can properly contain Sk, (%8). Still, when B is nuclear, in view
of Lemma I11.8.2 and Theorem II1.8.4, we can construct the infinite product state of a Klein
twisted chain (A, K4, o) generated by a sequence (¢;);eny C Sa, (B). Indeed, let

{wl = wl € SA+ (%)
Wntl 1= Wy X Yny1 € Sa, (Apg1), neN

“Even more: if By 1) # {0}, then Sk, (B) C Sa, (B). Indeed, let z € B(; 1) be a non-zero element. Then,
either x +2* € By 1) or i(x — ") € B(y,1) is non-zero. Since for every normal element b € 9B, there must exist a
state w € S(B) s.t. |w(b)| = [|b]|, we conclude that there exists a state ¢ € S(B) s.t. @[, ,) # 0. In particular,
@ o (E(O,O) + E(l,l)) € SA+ (%) \SK4 (%)
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where 2,11 = Ay, Omin B = A, ®a, B (the last equality being given by the nuclearity of B).
Notice that the sequence (wy,),en evidently satisfies the relations
Wpi1Olp =Wp, NEN
so that we can define a (algebraically) positive, unital, linear functional wy,: A — C by
Woo (@) := wn(an)

for every a € Ay, n € N and a,, € 2, that satisfy ¢, (a,) = a. Moreover, |weo(a)| < ||an|la, =
|la|la hence wy, extends to a well-defined state w on 2, the unique one satisfying

n

W (j1(br) - n(bn)) = [ (b

=1

for every b; € B, =B,i=1,...,n (n € N). Plus, w is invariant under the restriction to A, of
the K -action on 2. By denoting w with H Yy, € Sa, (), we collect the result of the above
neN

construction in the following

Corollary III.8.6
Let (B, K4, B) be a C*-system, with B nuclear. If (¢, )pen C Sa, (9B), then the infinite product

functional w := H ¥, is a well-defined, A ,-invariant state of the (minimal) Klein twisted chain
neN

(A, K4, a) of B.
Of crucial importance for the De Finetti theorem on a Klein twisted C*-chain are, again, the

infinite product states, now of form H 1 for some fixed ¢ € Sa, (B). As expected, they will

neN
be exactly the ergodic symmetric states of the case in question. We follow the path traced by

Stgrmer, as already done by Fidaleo in the Fermi case.

Lemma III.8.7
Let w € E(A). Then, w—lJirm(Ww(pn(a))gw) =w(a)é, (ae).

Proof.
If a € A and p € G, then there exists N, , s.t. for every n > N, , p(pn(a)) = pn(a). Let D be
the derived set of {m,(pn(a))éu}n C Bﬁé‘ﬁ in the weak topology on H,,. By weak (equivalently,

weak sequential) compactness of Bﬁé‘ﬁ, D # @. Let £ € D, i.e. there exists {p,, }x C {pn}n s:t.

£= g}—lim(ﬂw(pnk(a))fw). Then, for every p € G,
—+00

Uun(p)§ = iU_;ligol(Uw<p)7rw(pnk (a))éw) = w-lim(m, (p(pn, (a)))Us(p)w) = ?;Eg(ﬁw(pnk (a))éw) =¢

k——+o0

that is £ € HS. Since w € Es(A) is G-abelian, HS = C&, so that ¢ = ¢, for some ¢ € C.
Precisely,

e= (6.6 = lim {m(pn, (). £} = (a(@)r &) = w(a).
It follows that D = {w(a)&, }. Hence, {m,(pn(a))é,}n is weakly convergent and

nw;hl_g‘}(ﬂw(pn(a))&) = w(a)éo -
Lastly, for general a € 2 and any € > 0, there exists a. € A, s.t.

|<7TW(pn(a - ae))&w: 77>| <ée
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120 CHAPTER III. SYMMETRIC STATES FOR KLEIN C*-CHAINS

for every n > 1, n € Bf*. Since {(m,(pn(ac))éw, n) }n converges to w(az)(Ew,n), (m(pn(a))éu, n)
is a Cauchy sequence, hence convergent too. Precisely, by continuity of w € Eg(21),

(7 (pn(@))€e, ) = lim <n§rfoo<m(pn(aa))£wm>> = lim w(a:) (&, m) = w(a){&w, )

whence w- hm(ﬂw(pn( ))E) = w(a)é,. O

n—-+

Theorem III1.8.8 (Characterization of Eg(2l), A Klein C*-chain)
Let (B, K4, B) be a C*-system, with 28 nuclear, and 2 its associated Klein chain. If w € Sg(2),
the following are equivalent:

(i) we &s(A)
(ii) w is strongly clustering
(iii) w is weakly clustering in average

(iv) w= H 1 for some 1) € Sa, (B) = S(Bo,0) ® Ba,)

neN

In particular, Eg(2() = {H w} is weakly-* closed, thus making Sg(2() a Bauer simplex
neN - J yesSa, (B)
in S(A). Precisely, (Sa, (%B), 7y+) and (Es(2A), 7,+) are homeomorphic via the mapping

t:Sa, (B) — Es(A)

= []v

neN

Lastly, there exists a G-invariant, densely ranged p.u. map of C*-algebras
T:A = C(Sa, (B))
s.t. its transpose T": M;(Sa, (B)) — Ss(2) is an affine homeomorphism.

Proof.
(i) = (ii) Suppose w € Eg(A), and take a,b € ~A. Then, by Lemma I11.8.7,

lim w(ap,(b)) = lim (m(pn(b))Ew, m(a”)E) = w(a)w(b),

n——+00

that is w is strongly clustering.
(i) = (i) Choose a vector & € HS s.t. & L &,. We shall show that ¢ = 0. Fix ¢ > 0. By
cyclicity of &,, there exists b € 2 such that || — 7, (b)&,|| < e/2, and thus

w(O)| = [ (0)€w; €| = (T (D)€ =€), &) < &/2.

Let now a € A such that ||7,(a)|| < 1. Recalling that & and &, are both U, (&)-invariant, we
get

(€, mw(@)8w)] = [{Uu(pn) (@) Uu(py S, €0)| <
< KU (pn) (@) Ue(p, ) (b)€wr, )| + €/2 = |w(pa(a)b)| + /2. (I11.20)
By assumption w is strongly clustering, thus as n tends to 400 on both sides of Equation I11.20,

we get

(6, mu(a)éu)| < |w(a®)|lw(b)| +e/2<e/2+e/2=e.
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By arbitrariness of ¢ > 0 and cyclicity of &, for m,(2), we get £ = 0. It follows that HS = C&,,

whence w € Eg(2).

(iv) = (ii) It suffices to show the implication for a := ®taj, b:= k@ bi, t,u > 1 (here, we have
JjE €u

identified a, b with their images in 2 under the canonical embeddings ®;, ®,,, respectively). For
every n > 1,

on— 1 on
w (apn(b H Ulagbipant) [ vlajbiann) T w(asby)
j=2n—141 j>2n 41
hence for every n > [log,(max{t,u})]
an—1 2m an—1 an—1
w (apn(b H Ua) [ ¢bam) =[] ¢lay) [T (b Jw(b)
j=2n"1+1 j=1 j=1

that is the sequence {w(ap, (b))}, C C is definitely constant. A fortiori, lim w (ap,(b)) =

n—-+00
w(a)w(b) and w is strongly clustering.
(ii) = (iii) is obvious.
(iii) = (i) comes from Theorem II1.2.1.

(ii) = (iv) For each n > 1, we consider the embedding

Boarjula) =1® - ®L®e®I®--- €A
n times
To prove (iv) it suffices to show that, for each n > 1 and ay, ..., a, € B,

n

W(jl(al) - .jn(an)) = H U(a;) (111.21)

=1

for some state ¢ € Sa, (B). Firstly, thanks to point (i) in Corollary I11.7.2, ¢, := wojy, € Sa, (B)
(k > 1). Moreover, since w € Sg(2A), ¥y = ¥y =: ¢ € Sa,(B) for every pair k,I > 1. We
now shall prove (I11.21) by an induction procedure on n > 1. For n = 1, w o j; = 9 by the

very definition. We then assume (II1.21) true for some fixed n > 1 and prove it for n + 1.

To accomplish that, notice that for any m > n + 1, if p € & is such that p|, = id, and
p(n+1) = pp(n+1) (where p,, is defined in Equation I11.14), then

w(gi(ar) - - Jn(@n)gnt1(ant1)) = (o p)(jilar) . . jn(@n)jni1(ani1)) =
= w(j1(a1) - Jnlan) pm(dnsa(anta))) . (1.22)

If e > 0, by strong clustering property of w there exists m. > n + 1 s.t.

‘W<j1<a1) oo Jn(@n) pm. (jn+1(an+1))) - W(jl(al) = -jn(an))w(jn+1(an+l))| =
= ‘W(jl(al) oo Jn(@n) pm. (jn+1(an+1))) - W<j1(a1) = -jn(an))d](an-&-l)} <e€
that is, by inductive hypothesis,

n+1

W(jl(al) Jn(@n) pm. (Gns1(an1)) qub a;)

Recalling Equation I11.22,
The assertion now follows, as € > 0 is arbitrary. The rest of the theorem can be shown by
following verbatim the proofs of Theorem 2.8 in [76] (p. 58) and Theorem 3.9 in [77] (p. 16). O

W(jl(al) X .jn(an)jn+1(an+1)) - W(ﬁ(al) . .jn(an))z/;(an+1)| < e
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Remark II1.8.9
From Theorem II1.8.8 and Theorem II1.2.9, Sg(A), M;(Sa, (8B)) and F, = {¢ € S(A X4,
S): p(upau,) = p(a), p,o€ &, ac A} are all affinely homeomorphic via

M1(8A+(%)) — 86(91) — Fu
po / (Hw) ()dp(¥) = |upauy = / (Hw) (a)dp(e)
Sa, () NN Sa(m) \n€N

Recall that & is amenable, hence the full and the reduced crossed products of (2, S, «) are
isomorphic C*-algebras: A 1, & = A x,, &. Similarly,

Sa,(B) =Z{p € S(B xar Ay): p(uaya) = plaua)) = ¢(a), a€ A}

We are now in position to establish the De Finetti theorem for Klein twisted C*-chains, thus
obtaining that any symmetric state is the mixture of product states, being each of them the
product of a single A, -invariant state.

Theorem III.8.10 (De Finetti theorem for Klein twisted C*-chains)

Let (2(, &) be the C*-system associated to a unital, K -graded, nuclear C*-algebra 9B, as in
Theorem II1.8.1. Then, for each ¢ € Sg(A), there exists a unique <-maximal 1, € M;(Sg(A))
s.t.

ola) = / w(a) dpg(w), ac. (I11.23)
Se (™)

In particular, p., is pseudo-supported by Eg(2() = {H dj} ie. puy,(B) =1 for every
neN ¢E$A+ (B)

B € By(Ss()) containing Es(A). The relative weak-" topology on the unit ball By« of
20* is metrizable if and only if B is separable, in which case p, is supported by Es(2) and
Equation I11.23 becomes

ola) = / w(a) dpg,(w), aec. (I11.24)
Es ()

We conclude this section by reminding the reader that all the ergodic analysis done here
essentially relies on Theorem II1.7.1, which in turn is built upon the combinatorial estimate of
Lemma II1.6.3. Since the estimate holds for the finitary alternating subgroup A too, we see
that every A-invariant state w € S4(2) on a Klein (or also Fermi) C*-chain 21 must still be
A, -invariant and A-abelian. In particular, S4(2) is a Choquet simplex as well, containing
Ss(20). Moreover, A is normal and has index two in &, so that &/ A = Z,. Then, if ¢ € S4(2A),
pop=poaqy for every odd p € &, where (12) is the first adjacent transposition of N. We
can then exploit Theorem 4.3.37 in [86] (p. 424) to give an ergodic decomposition of ¢ € Eg(2A).

Theorem II1.8.11 (Barycentric decomposition of Eg(2A) w.r.t. A)

Let ¢ € Sa, (B) and ¢ = Hzﬁ € Es(A). Then, there exists a unique <-maximal p, €
neN

M (Sa(@)) s.t.
o= [ w@inl). aeu.

Sa(®)

Furthermore,
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e /i, is supported by a closed subset of £ 4(A)

® i, coincides with the orthogonal measure associated to the abelian von Neumann algebra
T, (A) NUL(A), ie.
o (A) N Up(A) = im(ky,)
where k,,,: Ly (Sa(2)) = 7,(2)" is the Tomita’s isomorphism, the unique linear map
satisfying

(s (7A@ €0, / F)w(@)dpa(@), fe L2 (Sa@), ae

f(@) + f(Poany)
2

o there exists ¢ € E4(A) s.t. p,(f) =

_ pla) +poang(a)
p(a) = 5

, [ € C(S4(21)), and in particular

,a el

II1.9. Some models of Klein chains

111.9.1 Continuous functions on the circle

Given a unital C*-algebra B, a faithful action Ky A B is equivalent to a pair of commuting
involutive automorphisms (briefly, involutions) ¥, 7 € Aut(B) s.t. ¥, 7 # Iy, via the assignment
B =V, Boyy =71. f B =C(X) with X compact Hausdorff space, each involution of B is
uniquely determined by an involutive, continuous self-map on X. For X = T, involutions of

a circle where thoroughly examined by Pfeffer in two instructive brief papers, [64] and [65].

We collect here the fundamental results in [65], and enrich them with some (easy) facts from
algebraic topology. For 9 € Homeo(T), let w(d) be its winding number (informally, the number
of times its oriented image “wraps around” the center of T). Also, let R, € Homeo(T) be the
rotation by an angle of 7 radiants and rge, 71, € Homeo(T) the reflections through the real and
the imaginary axes of the Argand-Gauss plane respectively.

Proposition II1.9.1 (Pfeffer, 1974)
Let ¥ € Homeo(T) be s.t. ¥ # It and ¥? = It. Then,

(1) 9 is not minimal

(2) w(9) € {£1}: w(¥) =1 (w(¥) = —1) iff ¥ is orientation-preserving (reversing), in which
case it is homotopic to It (7gre)

(3) |Fix(9)| € {0,2}: |Fix(9)| = 0 iff 9 is free; |Fix(J)| = 2 iff ¥ o7 = 7 0 ¥ for some free
involution 7 # ¢

(4) for every free involution 7, there exists z € T s.t. ¥(z) = 7(z) (in particular, there exists
z €T st ¥z)=—2)

(5) Bo(1) = [ (. 9(2))

z€T

Moreover, if 71, 75 are free distinct involutions, 71 o 75 # 7 o 7. Lastly,
{¥ € Homeo(T): ¥* = It,w() = 1} C CI(R,)
{¥ € Homeo(T): ¥? = It,w(¥) = —1} C Cl(7ge)

where Cl denotes the conjugacy class in the group Homeo(T).
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Proof.

As concerns point (1), for each z € T, T, := {2,9(z)} is a non-trivial, closed, J-invariant set.
Point (2) is a basic result in algebraic topology.

Point (3) is Corollary 2 and Proposition 1 (p. 614).

Point (4) is Proposition 2 and Corollary 3 (p. 615).

Point (5) is Corollary 4 (p. 615).

Corollary 1 (p. 614) gives that if 71, 75 are free distinct involutions, 7 o 79 # 75 0 7.

The last assertion can be found in [39] (p. 888). O

Corollary 111.9.2
Let K, act faithfully on C(T) via 8. Then, 5 = ~* where K4 A T is faithful, [Ya,0: Yo,0)] = It
and either ~y(1,0) or 7(0,1) has exactly two fixed points.

Proof.

Every action 3 of a locally compact Hausdorff group on an abelian C*-algebra is the pullback
of an action 7 on its spectrum, and it is faithful iff its pullback is. Since C(T) separates the
points, [(1,0), %0,1)] = Ir whence at least one of them must not be free, by Proposition I11.9.1.
Since 7y is faithful, this amounts to say that either v(; o) or 7o) has exactly two fixed points. [J

Let us gave an instructive example. Consider the C*-system (C(T), Ky, ) determined by
{(5(170)f)(2) = f(z), z€T
(Bonf)(z) = f(-z), ze€T

for every f € C(T). Clearly, [6(1,o>,6( o] = Iegry and (Bunf)(2) = f(—=2) (f € C(T), 2 € T).
In other words, B(1,0) = Tre» B0,1) = T1m and B(1,1) = RR,.. Then, B spectrally decomposes into
Bo,0) = {f € C(T): fani1 =0, an_f—QrwneZ}
By = {f €CT): fans1 =0, fon = —fon,n € Z}
%(1 0) — {f € C(T) f2n =0, f2n+1 fonflvn € Z}
B, = {fEC T): f2n=07f2n+1=f72n717n€Z}
Recall that for every f € C(T) and n € Z, the n-th Fourier coefficient of f is defined as
]/‘; = /f(z)z_”dz, where dz denotes the probability Haar measure on T. Then,

f= Z ﬁz" unconditionally in LP-norm, with p € (1, +00)
nez

by the Carleson-Hunt theorem (1968), f = Z fnz” Haar almost everywhere
nez

by the Fejér theorem (1904), f = Z fAnz” uniformly in the Cesaro sense:

neZ
n—1
Sk ::ZEZJ (k € Ny), o, :—Zsk (n € Ny), then |lo,, — f||ooTM>0

i<k
by the Stone-Weiestrass theorem (1948), the Wiener algebra
W(T) = F~H(01(2)) = {f € L'(T): (fa)uer € €(2)}
is a uniformly dense *-subalgebra of C(T) (F: L'(T) — co(Z), F(f) := (fn)nez is the

Fourier transform on L'(T))
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In any of the meaning reported above, we can then write

(%(0,0) = {feC( )i f = fo+2ZNf2nRe 22 } C(T
B = {f eC(T): f=fo +22%f2n1m 22")} =C(T
B = {f €C(T): f=20) fopaIm(z*"*) } C(T

neNo
B = {f €C(T): f=2 ZN Fon1Re (22" 1) } = C(T)o,x

[Pk [P [{3%)] (155}

where the subscripts “e”, “0”, “r”, “i” stand for “even”, “odd”, “real” and “imaginary”,
respectively. Hence,

Br, =C(T)e, ®C(T)e; =C(T)e
is the C*-algebra of the even functions on T, whereas
Bar =C(T)or ®C(T),; =C(T),

is the closed subspace of the odd ones.

Since B = C(T) is clearly nuclear and separable, we can build its Klein C*-chain 2 and

apply Theorem II1.8.10. For this purpose, observe that Sa, (B) = S(C(T).) = M;([0,1]).

Then, for each ¢ € Sg(2), there exists a unique <-maximal p, € M;(Se(21)) supported by

:{Hw} = {@I/} s.t. o = / Wduw(w).
YESa, (B) neN J vemy ([0,1])

neN Eo(2A)

We conclude this example by observing that any non-trivial automorphism ~ € Aut(K,) = G;
produces a new C*-system (% K4,ﬁ), where B := c(T ) and ﬁg := [y(g), Which is conjugate
to the original one, by the very definition. The action B induces a Kj-grading on B (where

~

B, = B,o,-1, 0 € Ky), with its associated Klein C*-chain A = (@N‘B,K4,(5 )>. By
ne
identifying the set {(1,0),(0,1),(1,1)} with 3 = {1, 2,3}, it is easy to see that

o if y=(12) €S, then A=A
e (23),(132) € &3 produce isomorphic Klein C*-chains, where %A+ =C(T)e, ®C(T)o;

e (13),(123) e &3 produce isomorphic Klein C*-chains, where %A+ =C(T)er B C(T)o,

I11.9.2 Compact operators

Let H be a (complex) Hilbert space and B := IC(H) C B(H) the closed, two-sided *-ideal of
compact operators on H. In such a case, B is nuclear and simple, and if H is separable 8 is a
separable, maximal ideal in B(H). It is well-known that Aut(*8) = {ady: U € U(H)}, whence
every action 8 of a group G (without topological requirements) on B is pointwise unitarily
implemented, i.e. for each g € G there exists U(g) € U(H) s.t. B, = ady(y). More generally, for
every map 0: G — T, B, = adyg)u(g) for each g € G. By irreducibility of B, the assignment
Uy: g — 0(9)U(g) defines a unitary-projective representation of G' on H i.e. there exists a
2-cocycle/multiplier w, € Z*(G, T) s.t. U,(9)U,(g") = w,(g,9")U,(gq") for every g,¢’ € G (in
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29,

particular, U,(e) = w,(e, e)I3). Observe that if g, 0': G — T, then Uy (g) = o) e

(9) (9 € G),

which implies

d'(9)d'(g) olgg)
'(99') e(g)ely

In other words, if PU(H) := U(H)/T is the unitary-projective group on H and H*(G,T) is the

2-cohomology class of G, Uy (9) ~pum) Us(g) (9 € G) and wy ~p2(c.my w,. In particular, there

exists a 1-1 correspondence

wy(9,9") = ,)wg(g, 7)., 9,9 €G.

{actions of G on B} +— Hom (G, PU(H))
ady(g) «— [9 = [U(9)]pua]

Evidently, the action of GG on ‘B is faithful if and only if the associated group homomorphism in

Hom(G, PU(H)) is injective. If G = Ky, then a faithful action K4 A B is uniquely determined
by a pair (U, V) € U(H) x U(H) s.t. (once named ~:=rpy(3))

UtV Iy
U~ V2~ Iy
UV ~VU

This is done via 39y := ady, B,1) := ady, and the spectral decomposition of B then becomes

B ={K e K(H): [K,U] =[K,V] =0} By ={KeKH): {K,U} =[K,V]=0}
By ={KeKH): {K,U} ={K,V} =0} B ={K e KH): [K,U] ={K,V} =0}

Since H*(K4,T) = {[Lr,xi,], W]} = Zy where w(x,y) := (=1)"2¥', x,y € K,, from the
previous discussion a unitary-projective representation (U’,w): K; — U(H) induces an action
B: g+ adyr(g) which cannot be implemented by a proper unitary representation. For instance,
a modified version of the Zy-action on the full matrix algebra B := KC(C?) = B(C?) = M,(C)
considered at the beginning of Subsection [11.7.2 gives a faithful action

B: Ky — Aut(Ms(C))

X — ade1 \VED

where U := [§ %], V:=[%}], UV = [ % {]. This action is proposed in Example 3.5 of [113]
(p. 24) and it is implemented by the unitary-projective representation (U',w): x — U™ V"2
x € K,. Notice that [ﬁ(l,O))ﬁ(o,l)]Aut(Mg((C)) = [adU,adv]Aut(MQ(c)) = [Mg((C) and VU = -UYV.
Interestingly, it can be also shown that Ky x5 My(C) = Ky x5, My(C) = M,(C). We have

%(0’0) == CIQ %(1’0) - CV
%(171) == CUV %(071) = CU

so that B, = {[ % 5]: a,b € C} = C? and Sa, (B) = M, ({0,1}) = [0,1]. Again, B = M,(C)

a
is nuclear and separable, whence Theorem I[I1.8.10 is perfectly applicable. In particular,

Es(A) = [0, )N,

II1.9.3 Irrational rotation algebras

P. J. Stacey devotes a paper to the explicit construction of a faithful K4-action on the irrational
rotation algebra Ay = C*(u,v|vu = e uv), with ¥ € (0,1) irrational (see [74]). To
accomplish that, a description of Ay as C*-inductive limit of a suitable direct system (due to
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Elliott and Evans in [25], Section 5, p. 498) is exploited.

Let [mg;mq, ma, mg,...] be the (infinite) regular continued fraction representation of ¥}, where
mo = 0, and Pn [mo;my,...,my] € Q the n-th convergent of ¥, for n > 1. Also, let

dn
Gy, by, Cn,y dy, € N be obtained by

3
n bn R Myp—k ]}
|:Cn dn} T H { 1 0 € SLy(Z), n>1

k=0

and consider the unitary k& x k matrices over C(T) given by

Ry = LO idT], S, = [ 0 ]ﬂ € Ux(C) @ C(T) = Up(C(T)), k=>1
k—1 0 Ik—l 0

*

Then, by Theorem 4 in [25] (p. 497), Ay = lim (A,, ¢nm)n<mc , where A, := M,, (C(T))®
—n -

M,,, ,(C(T)) (n > 1) and the adjacent connecting maps are defined through blocks of (non-

commutative) Kronecker products of matrices as

¢n,n+1: An — An+1
: -Iq4n ® RanJrl 0:| |:]q4n ® Scn+1 O:| >
(ldTLMm 0) = ( I 0 0 ) 0 O

[0 0 0 0
it | )
(0 1dr q4n71) = 0 Iy, , ® San 0 Iy, , ® Rdn+1

X ®I, 0 } [X@Ic 0 D
XY n+1 n+1
(X, )H(_ 0 YehL.l'l 0o  vel,

for each n > 1. Now, Ky(A,) = Ki(A,) £ Z x Z for every n > 1 and, under identifications
of these K-groups with Z x Z, the connecting maps ¢,, ,11 induce group automorphisms at
Uny1 bpya
Cnt1 dpt1
this stage, Proposition 1.2 (p. 137) and Theorem 1.1 (p. 138) in [74] give the following results,
where [, ;= diag(1...1) and J; := antidiag(1...1), &k > 1.

the Ky and Kj-levels given by (¢, n41)0 =

] and (¢nni1)1 = Io, respectively. At

Theorem II1.9.3 (Stacey, 1997)
Let (Wi)is1, W)ks1, Vi)is1, (Vi) e>1 be four families of unitary, involutive matrices recursively
defined by

(W, =1, (W = J,
Vii=Jg, Vi=1I,
W, ® 1, 0 W, @ J, 0
Wn+1 — ® n+1 , n 2 1 W;L+1 = n ® n+1 ) ’ n Z 1
0 Vi @ s 0 V@I,
W, ® 1. 0 W, @ Je 0
Vn+1 = [ ® n+1 , n Z 1 V?’;—i-l = ! n ® n+1 ) ’ n 2 1
\ O Vn ® Jdn+1 \ O Vn ® ]dn+1

By considering W,,, W, € C(T, M,,,), V., V.. € C(T, M,,,_,) as constant selfadjoint functions for
every n > 1, ¥, := adw, ® (ady, orge) and X} := (adw; o 7re) @ ady;

e are involutive, commuting automorphisms of C(T, M,,, (C)) & C(T, M,,, ,(C)) = A,

e =t O] e on@ = AnE (A ana (), = |

. J € GLy(Z) = Aut(Ky(A,))
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In particular, there exists a faithful action K4 rﬁ\v Ay s.t. (Baoh = {1 0 } € GLy(Z) =

0 —1

Aut(K,(Ay)) and (Bo)1 = {—01 (ﬂ € GLo(Z) = Aut(K:(Ag)).

In Section 2 of [74], Stacey investigates the unital C*-subalgebra Fix(8q1,1)) = (Av)(0,0)®(As)1,1),
showing that it is isomorphic to the fixed point algebra of another C*-system (Ay, Zo, o), where
o1 is the unique *-endomorphism extending the involutive map u +— u*, v — v* (existence and
unicity of oy are guaranteed by the universal property of Ay). It results that oy is involutive
as well, hence o € Aut(Ay); we will denote it simply by ¢ from now on. The associated fixed
point algebra A = C*(u + u*,v + v*) C Ay, also called symmetrized non-commutative torus,

1) has K-theory Ky(A5) = Z° and K,(A3) = (0) ([53])

(1)

(2) is simple (Theorem 8.10.12, p. 445 in [97])

(3) is approximately finite-dimensional (Theorem 1.1, p. 606 in [12])
(4)

4) has a unique tracial state, coinciding with the restriction of that on Ay (Theorem 4.5, p.
162 in [11]). In particular, it is faithful.

Theorem 3.6 (p. 157) in [11] gives an explicit presentation of AJ, though not so elegant:
A 2 C* (s,t|s=s"t=1t" Ry, Ry, R3)
where
Ry) s* et = cos(2md)sts + 2sin® (270t
Ry) s et? = cos(2m)tst + 2sin?(2m0)s
R3) iIm ((ts)?) = cos(4m)(st)* — cos(2m)s*t? + (cos(2m) — cos(679))(s” + ¢ — 1)

To conclude, since B := Ay is nuclear and separable, once more we can apply Theorem I11.8.10

to its Klein C*-chain 2(. Given the above action K, A B, Ba, = A5 = C*(u+u",v+0%).
Therefore, for every ¢ € Sg(2), there is a unique <-maximal p, € M;(Ss(21)) supported by

Es(A) = {H w} satisfying ¢ = / w dpp,(w).

neN J yes(Ag) Es(2A)
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